GLOBAL ATTRACTORS FOR TWO-PHASE STEFAN
PROBLEMS IN ONE-DIMENSIONAL SPACE

T. AIKI

ABSTRACT. In this paper we consider one-dimensional two-phase Stefan
problems for a class of parabolic equations with nonlinear heat source terms
and with nonlinear flux conditions on the fixed boundary. Here, both time-
dependent and time-independent source terms and boundary conditions are
treated. We investigate the large time behavior of solutions to our problems
by using the theory for dynamical systems. First, we show the existence of
a global attractor A of autonomous Stefan problem. The main purpose in
the present paper is to prove that the set A attracts all solutions of non-
autonomous Stefan problems as time tends to infinity under the assumption
that time-dependent data converge to time-independent ones as time goes
to infinity.

1. INTRODUCTION

Let us consider a two-phase Stefan problem SP = SP(p;a;b},bt; 3,9,
fo, fi, wo, o) described as follows: Find a function u = u(t,z) on Q(T)
= (0,7) x (0,1), 0 < T < o0, and a curve z = £(t), 0 < £ < 1, on [0,T]
satisfying
fo QD).

Ao i),

QONT) = {(t,2);0 <t < T,0 <z < L(t)},

(1'1) p(u)t - a(uax)x +&+ g(“’) =

QM(T) = {(t,2);0 < t < T, () < z < 1},
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&(t,z) € B(u(t,z)) forae. (t,x) € Q(T),

(1.2) u(t,0(t)) =0 for 0<t<T,

(1.3) () = —alug)(t, 0(t) =) + a(ug)(t, £(t)+) for a.e.t € [0,T],
(1.4) a(ug)(t,04) € bl (u(t,0)) for a.e. t €[0,T],

(1.5) —a(ug)(t,1-) € ot (u(t,1)) for a.e. t € [0,T],

(1.6) u(0,2) = up(zx) for z € [0,1],

(1.7) £(0) = 4o,

where p: R — R and a : R — R are continuous increasing functions; (3 is
a maximal monotone graph in R X R; g : R — R is a Lipschitz continuous
function; f;(i = 0,1) is a given function on (0,00) x (0,1); bi(i = 0,1) is
a proper ls.c. convex function on R for each ¢ > 0 and 9b! denotes its
subdifferential in R; ug is a given initial function and ¢y is a number with
0<fly<l.

In this paper, we treat a class of nonlinear parabolic equations of the form
(1.1), which includes as a typical example,

ciug — (|uzP"2uz)e +o(u) +g(u) > fi, i=0,1,

for positive constants cg, ¢; and 2 < p < 0o, where

1 for r > 1,
[0, 1] for r =1,
o(r)y=1< 0 for —1<r<1,
[—1,0] for r = —1,
-1 for r < —1,
and
(r—1) for r > 1,
glry=1< r(r+1)(r—1) for —1<r <1,
(r+1) for r < —1.

Also, it should be noticed that boundary condition (1.4) and (1.5) repre-
sent various linear or nonlinear boundary conditions (see [1, Section 5] and
Remark 2.1 in this paper).

Aiki and Kenmochi already established uniqueness, local existence in time
and behavior of solutions for our problem SP(cf. [7, 1, 2]). In case p(r) =
a(r) =r, =0 and fy = fi = 0 with the boundary condition, u(i) =
¢; for i = 0,1 where ¢; is some constant, the problem SP is completely



GLOBAL ATTRACTORS FOR STEFAN PROBLEMS 49

solved by Mimura, Yamada and Yotsutani in [10, 11, 12]. They showed that
there exists a maximal solution [u*,¢*] of the stationary problem, and by
comparison principle, if ug > w* and ¢y > ¢*, then for the solution {u,¢},
u(t) and £(t) converge to u* and ¢*, respectively, as time goes to infinity.

In our problem, since g may not be monotone increasing and data, bt(i =
0,1) and f;(: = 0,1) depend on time variable ¢, we can not prove the con-
vergence of the solution. So, in order to consider the large time behavior of
solutions we discuss a global attractor for the problem SP. Our main results
of the present paper are stated as follows:

(i) (Global existence) SP has a solution {u, ¢} on [0,00) satisfying for
t>0

0 <inf/(t) <supl(t) <1 and |u(t)|r2(0,1) < C(|uolr2(0,1) exp(—put) + 1),
t>0 >0
where C and p are positive constants.

(ii) (Global attractor for the autonomous problem) We put SP* =
SP(p;a;bo,b1; B, 9, £, f1,uo, fo) where ff € L%(0,1) and b; is a proper Ls.c.
convex function on R for ¢ = 0,1. Then, there is a global attractor A for
the problem SP*.

(iii) (Asymptotic behavior of solutions to SP)

We suppose that

bi —b; and fi(t) = ff in some sense ast — oo fori=0,1,
and {u, ¢} is a solution of problem SP. Then, we have
dist([u(t),€(t)], A) -0 ast— oo,

where dist(z, B) is an usual distance in L?(0,1) x R between a point z €
L?(0,1) x R and a set B C L?(0,1) x R.

There are many interesting results dealing with a global attractor of
autonomous nonlinear partial differential equations (ex. [16, 9] and etc.).
The question concerned with relationship between global attractors of au-
tonomous and non-autonomous problems was earlier discussed by Smiley
[14, 15]. Recently, by Ito, Kenmochi and Yamazaki [5] similar results to (iii)
were obtained, in which the following non-autonomous problem,

%u(t) oS u(t) + N(u(®) > f(t), t>0, inH,

was considered, where H is a Hilbert space, ¢! is a proper ls.c. convex
function on H for t > 0, d¢! is its subdifferential, N : H — H is Lipschitz
continuous and f is a given function. They gave a more general answer for
that question. But, our system SP can not be described a single evolution
equation of the above form, so that their result is not directly applied to our
problem.
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The outline of the present paper is as follows. In section 2 we present
assumptions and main results. In section 3 we recall known results about
problem S P, which are concerned with uniqueness, local existence results in
time and energy inequalities. Some uniform estimates for solutions to SP are
obtained in section 4, and then used in section 5 to prove global existence for
problem SP and existence of a global attractor of the semigroup associated
to problem S P* by applying the theory on dynamical systems in Temam [16].
The asymptotic behavior of solutions to SP is proved in the final section.

Throughout this paper for simplicity we put

H:=L*0,1), X := W"(0,1),2 < p < o0;
(,-)m : the standard inner product in H;
Xo :={z € X;2(x9) = 0 for some zy € (0,1)};
Vi:={[z,r] € Hx(0,1);z>0a.e. on (0,r),z <0 a.e. on (r,1)};
dist([u, €], [v,m]) :== |u —v|g + [¢ — m)|
dist(z, A) := inf{dist(z,2); 2’ € A}
dist(A, B) := sup{dist(z, B);x € A}
B(M,0) :={(z,7) €e V;|zlg < M,0 <r<1-0}

for M >0 and § € (0,1/2).
For a proper l.s.c. convex function ¢ on R, D(¢)) := {r € R;¢(r) < oo}. We
refer to Brézis [3] for definitions and basic properties concerned with convex

for [u, ], [v,m],z €V
and A, BCV;

analysis.

2. MAIN RESULTS

Let p > 2and 1/p'+1/p = 1, and let us begin with the precise assumptions
(H1) ~ (H6) on p, a, B3, g, bi(i = 0,1) and f;(i = 0,1) under which SP is
discussed.

(H1) p : R — R is bi-Lipschitz continuous and increasing function with

p(0) = 0; denote by C, a common Lipschitz constant of p and p~*.

(H2) a : R — R is a continuous function such that
aplr? < a(r)r <ay|r|P for any r € R,
ao(r —r")P~t < a(r) —a(r') for any r,7’ € R with r <1/,

where ag and a; are positive constants.
(H3) § is a maximal monotone graph in R x R such that £(0) 3 0 and

[r'| < Cz forr’ € B(r) and r € R.
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(H4) g : R — R is Lipschitz continuous with ¢(0) = 0 satisfying the
condition that there is a positive constant Cy such that

g(r)yr>—C, and |g(r) —g(r')| < Cy|lr —r'| for any r,7’ € R.

(H5) For i = 0,1 and each ¢t > 0, b is a proper ls.c. convex function on
R and there is a positive constant dy such that

D(b}) C [do,o0) and  D(b)) C (—o0, —do],
and there are absolutely continuous functions g, a; on [0, 00) such that
afy € L'(0,00) N L*(0,00) and o} € L(0,00),
and for each 0 < s < t < oo and each r € D(b?) there exists ' € D(bf)
satisfying
[ = | < lao(t) — ao()I(L + |r| + b} (r)]'/7),
bi(r') = b (r) < laa(t) — an(s)|(1+ 7P + [ (r)]).

Also, we suppose that for i = 0,1 there is a function k; € W1>°(0, c0) such
that b\ (k;(-)) € L=(0, 00).

Furthermore, we assume that for i = 0,1, b converges to a proper ls.c.
convex function b; on R as t — oo in the sense of Mosco [13], that is, the
following conditions (b1) and (b2) hold:

(bl) If w : [0,00) — R and w(t) — z in R as t — oo, then

llgéglf b; (w(t)) > bi(2);
(b2) for each z € D(b;) there is a function w : [0,00) — R such that

w(t) — z and bi(w(t)) — b;(2) as t — oo.

Remark 2.1. (cf. [1, Section 5]) In the case of Dirichlet or Signorini
boundary condition, the following conditions imply the above (H5).
(1) (Dirichlet type).
u(t,i) = ¢;i(t), t>0andi=0,1;

this is written in the form (1.4) and (1.5) if bt(-) is defined by

0 ifr=ql(t),

bi(r) = )

oo if r # g;(t).

We suppose that for i = 0,1

(2.1) { (=1)%q;(t) > do > 0 for t > 0,

¢ € C([0,00)) and ¢} € L'(0,00) N L?(0,00) N L>(0, c0).
Then, condition (H5) holds.
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(2) (Signorini type).
u(-,0) > qo(-) on [0,00),
uz(,04) =0 on {u(-,0) > qo(-)},
uz(,04) <0 on {u(-,0) =qo(")},

these conditions are represented in the form (1.4) for b} given by

0 ifr>qo(t),
bl (r) = { o)
oo otherwise.

If qo(t) satisfies condition (2.1), then condition (H5) holds.
Furthermore we suppose:
(H6) For i = 0,1, f; : [0,00) = C([0,1]), (—=1)*f; > 0 on [0,00) x [0, 1] and

fit € Ll(O,oo;H).

Now, we give the definition of a solution to SP.

Definition 2.1. We say that a pair {u, ¢} is a solution of SP on [0,T],
0 < T < o0, if the following properties (S1) ~ (S3) are fulfilled:

(S1) w € Wi(0. 7 H) 1 (0.7 H) ) L5 (0.7 X) (1 170, T5X),
¢ C([0,T)) N WL2((0,T]) with 0 < £ < 1 on [0, 7).

(S2) For each ¢ = 0,1 (1.1) holds in the sense of D’(Qé (T')) for some
¢ € L2(Q(T)) with ¢ € B(u(t,z)) a.e. on Q(T), and (1.2), (1.3), (1.6) and
(1.7) are satisfied.

(83) For i = 0,1, b\ (u(-,4)) € L}(0,T) N L2.((0,TY)), u(t,i) € D(Abt) for
a.e. t € [0,T], and (1.4) and (1.5) hold.

Also, for 0 < T" < oo, a pair {u, £} is a solution of SP on [0,7") if it
is a solution of SP on [0,7] for every 0 < T < T’ in the above sense.
Furthermore, [0,77), 0 < T™ < oo is called the maximal interval of existence
of the solution, if the problem has a solution on [0,7%*) and the solution can
not be extended in time beyond T™.

The first main result is concerned with the global existence of a solution
to SP.
Theorem 2.1.  Assume that conditions (H1) ~ (H6) hold and [ug, {y] €
V. Then, there is one and only one solution {u,l} of SP(p;a;bk,b%; 3,9, fo,
f1,u0,40) on [0,00).

Next, we show uniform estimates for solutions of SP.
Theorem 2.2. Under the same assumptions as in Theorem 2.1, let M
be any positive number and 6 € (0,1/2) and put

u, £} is a solution to SP(p;a; b}, bt 5,9, fo,
UM, 8) = { [u, 4; {u, 0} (p 1:5.9, fo
f1,u0,4o) on [0,00) for [uo, bo] € B(M,6)
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Then, there are positive constants My, uo and &g such that for any [u, ] €
U(M,9)
(2.2) |u(t)| g < Mo(exp(—pot) +1)  for any t >0,
(2.3) 0o <L(t)<1—0d9 foranyt>0.
Moreover, for any tg > 0 there exists a positive number K (ty) satisfying
lu(t)|x < K(to)
(2.4) |bh(u(t,0))| < K(to) ¢ for anyt >ty and [u,f] € U(M,$).
b3 (u(t, 1)] < K(to)

Next, we consider a global attractor for the autonomous problem SP*.
For this purpose we give some assumptions and notations.
(H5*) For ¢ = 0,1, b; is a proper lLs.c. convex function on R and there is
a positive constant dy such that
D(bo) - [do,OO) and D(bl) - (*OO, *do].

(H6*) For i = 0,1, ff € C([0,1]), (=1)'fF >0 on [0, 1].

Corollary 2.1. Under the assumptions (H1) ~ (H4), (H5%) and (H6%),
the problem SP*(ug,{y) := SP(p;a;bo,b1; 0,9, f5, f1, w0, lo) has a unique
solution {u, £} on [0,00).

Obviously, (H5*) and (H6*) imply (H5) and (H6), respectively, and hence
Corollary 2.1 is a direct consequence of Theorem 2.1. Here, we define a
family of operators S(t), t > 0, by

S(t) : V=V, S(t)[uo, bo] = [u(t),£(t)] fort >0 and all [ug, o] €V,
where {u, ¢} is the solution of SP*(ug,%y) on [0,00). By Corollary 2.1,
{S(t);t > 0} has the usual semigroup property:

S(t+s)=S5(t)-S(s)in V for any s,¢ > 0 and S(0) = Identity in V.

Theorem 2.3. Suppose that the same assumptions as in Corollary 2.1
hold. Then, for each t > 0, S(t)(-) is continuous in V', and for any to > 0,

M>0and0<0<1/2, U S(t)B(M, ) is relatively compact in V.
t>to
Moreover, there is a global attractor A C V' for the semigroup {S(t);t >

0}, that is, A is compact in 'V,
St) A=A foranyt>0,
and for each M > 0 and § € (0, 3) we have
dist(S(t)B(M,0),A) -0 ast— oo.
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Finally, as to the asymptotic stability of the solution to SP, we prove the
following theorem.
Theorem 2.4. Assume that (H1) ~ (HG6), (H5%) and (H6*) hold, and
fi — fF € L?(0,00; H)(i = 0,1). Then, for any solution {u,f} of SP,

dist([u(t), ((t)], A) =0 ast— oo,

where A is the global attractor defined by Theorem 2.3.

Moreover, let M >0 and § € (0,3). Then, for any positive number € > 0

there is a positive constant ty := to(M,d,e) > 0 such that
dist([u(t),£(t)], A) <e  fort >ty and [u,l] € U(M,?),
where {u,{} is a solution of SP(p;a;bl,bt; 3,9, fo, f1,u0,4o) on [0,00).

Throughout this paper, we suppose that conditions (H1) ~ (H4) always
hold and for simplicity the following notations are used:

V= [ 07 @) ) = o) and ar) = [ a(s)ds

Since p and a satisfy (H1) and (H2), respectively, there are positive constants
70, 71 and az depending only on C),, ag, a1 and p such that

Yolr[? < p(r) < m|r|*  for all 7 € R,
(2.5) |rlP < asa(r), a(r) <aolrP and |a(r)]” < asa(r) forr e R.
Putting 3(r) = [ 8(s)ds and §(r) = [7 g(s)ds, we see that
. C
0<p(r) < 757“2 and [g(r)| < %7"2 for any r € R.

Here, we list some useful inequalities:

(2.6) V] L0 (0,20) < |V]Lr(0,20) + |U:U’L2(O,xo) for v € WH2(0, z0),
(2.7) V| Lo (0.20) < |Vz|r2(0,9)  for vEW,

1/2
(28) |U|L°°(O o) < f|vx‘L2(0 130)‘ ’L/z 0,0) for v € W,

where 7¢ € (0,1) and 7 > 1 and W = {v € WH2(0,z0);v(z0) = 0}.

3. PRELIMINARIES AND KNOWN RESULTS

First, in this section we recall the results in Aiki-Kenmochi [7, 1, 2] on
the local existence, uniqueness and estimates for solutions of SP which are
given as follows.

Theorem 3.1. (cf. [2, Theorem 1.1] and [7, Theorem|) Under the
same assumptions as in Theorem 2.1, for some positive number T, SP has
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a solution {u,l} on [0,T] such that
{ Y20, € L2(0,T; H), tY/Pu € L®(0,T; X), 2/ +2 0 ¢ LF'+2(0,T),
tbl(u(t,i)) € L>*(0,T),i=0,1.

Lemma 3.1. (cf. [2, Theorem 1.4]) Suppose that all the assumptions
of Theorem 2.1 hold. Let {u,¢} be a solution of SP on [0,T]. Further,
assume that for some positive number §, 6 < £ < 1 —0§ on [0,T]. Then,
there is a positive constant my depending only on 8, p, a and p such that for
0<s<t<T

t /
[ e@par

3p—2
(3.1) < mat— )Yl 5,
t 2 2 2 2 2
bl ey [l + Il + gl + ol + A1 Bdr,

and, moreover,
t

[ = sPier2ar
S

(32) < ml(r—9)"Pull . ,x) %

t
< [ = )l + Itk + o)l + ol + |iff)dr

+my(t —s)2/P|(r — s)l/pu\ipw_é’t;X) for0<s<t<T.

The next lemma is concerned with the boundary conditions.
Lemma 3.2.  (c¢f. [4, Lemma 1] and [6, Section 1.5]) Fori = 0,1, assume
that bt satisfies (H5). Then, there is a positive number By such that

bi(r) + Bi|r| + B1 >0
forallr € Ryt >0 andi=0,1.
bf(T) + Bl|7’"p +B1>0
For simplicity of notations we put
1
B(t,2) = [ a(z)da + bh(=(0)) + B (=(1),
0
F(t, z) = Bo{b(2(0)) + b1 (2(1)) + B1(|2(0)P + |2(1)[? + 2)}
fort >0and z € X,
where By and Bj are positive constants defined in Lemma 3.2.
According to Lemma 3.2, (2.5), (2.7) and (2.8) it is easy to get the fol-
lowing inequalities:
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Lemma 3.3. Fori=0,1, assume that bt satisfies (H5). Then, there are

positive constants u, By and B3 depending only on By and as such that

1
a(zg)dx < 2E(t, z) + Bo,

0
ulzliy < B(t,2) + By,
(3:3) |2l 1) < Bs(E(t,2) + Bo), forz € Xo and t 2 0.
0< F(t’ Z) < BO(E(tv Z) + By + |Z|I])'{)7
bi(2)] < Bs(E(t,2) + Ba), (i=0,1)
Now, we show the useful energy inequality:
Proposition 3.1. (cf. [2, Section 3]) Suppose that the same assumptions
as in Theorem 2.1 hold. Let {u, ¢} be a solution of SP on [0,T],0 < T < co.
Then, the function t — E(t,u(t)) is of bounded variation on [s,T] for any
€ (0,T] and

E(t,u(t)) — / —E(r,u(r))dr  forany0<s<t<T,

and

d 1
2t ult)) + @lUt(t)\%r

IN

()] (la(ug) (8, 04)| + laluz) (8, 1=)) F (8, u(t) /P
+ oy (OF (t, ut) — (€(@), ue(®)m — (9(uw) (), we(t))m
+ (o), ue(t))m + (f1(8), ue(t))r  for a.e. t €[0,T].

We can prove this proposition in ways similar to those of [2, section 3]
with the help of Lemma 3.2, so we omit its proof.

4. UNIFORM ESTIMATES

We use the same notation as in the previous section and prove the follow-
ing propositions in similar ways to those of [2, Section 3|. In this section we
assume that all the assumptions of Theorem 2.1 hold and {u, £} is a solution
of SPon [0,T],0 < T < c0.

Proposition 4.1. There are positive constants C1 and 1 depending
only on p, a, B, g, fo, f1, bl and b} (independent of T, ug and £y) such that
(4.1) lu(®)|lr < Ci{luo|m exp(—pt) + 1} for any t € [0,T],

and, for any 0 < s <t < T,
1
[ 6 0) ~ k@) + [ B

(4.2) :
<Ci{(t—s)+1}+ /0 (P(u)(s) = k(s)p(u)(s))dz,
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where k(t,z) = (1 — x)ko(t) + xki(t) for (t,z) € [0,00) x [0, 1].
Proof. First, we observe that, for a.e. t € [0, 7],

(p(U) (t), u(t) — k() m
3 & [0+ ()0, 0 — o) 0, )
T a plu e = o ) H-
On the other hand, by integration by parts we obtain that, for a.e. ¢ € [0, T,

o(t)
(e u=hi = [ (@lw)s =€ = g(w) + fo) (u = k) da

e () + f1) (u = b) do

(4.4)

IN

—E(t,u(t)) + E(t,k(t)) + ' (t)k(t, £(t))
+/ da:—/ol g(u)(u — k)dz
+/0£ " folu —k)dz + /e(lt) filu—k)dx

Here, we note that, for a.e. t € [0,T],

R A1) = € (Dko(t) — C (O ko(t) + £(0) (k1 (1)

45 = S L)~ OR(D) — SO (D) — K1)
< L) + 2K (1) + K D),

where L(t) = £(t)ko(t) + 36%(t) (k1 (t) — ko(t));

(4.6) ) 0 B
> SE(tu(t) + Sl - 5 - Cy:
1 A
| Byde + (9(w). s
(4.7) 9
C 2C
< IR o) + Gl + =2 O e 0,
o(t) 1
Folu — K)dz + / Fi(u — k)de
(4.8) o)

<

o= o\

O + C + (O + A OF) + K0 e o
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From (4.3) ~ (4.8) it follows that

<Cy+ %L(t) + %(p(u)(t), k(t)g for ae. t €[0,T],

where Cs is a positive constant depending only on given data.

Moreover, with po = % we see that for a.e. t € [0,T]
gl

(4.9)

& (o)1), (1))

%(p(U)(t), k()i + p2(p(w) (), k()i + palp(w) (@) | a|k(E)|

4
dt

IN

IA

(p(w)(t), k() + p2(p(u)(t), k(t) m

1 02
b [ i)+ k(1)

th() di (t) + p2L(t) + po| L(1)].

Therefore, we infer together with (3.3) that for a.e. t € [0,T]

t)d t)dx
R

O+ S L00) + oL (1) + 5 (plu) (6, K(0)) 11+ o) (1), k()

where Cj5 is a positive constant independent of T and |ug|g.
Hence, multiplying the above inequality by exp(u2t), we conclude that for
a.e. t € 10,7

et [ s

< Cyexpluat) + - fexp(uat) L)} + % {exp(uat) () (1), (1))}

so that

[ ey

< S [ pun)de ~ (pluo). KO~ L) pexpl-pa)

+ (p(u)(t),k(t))g + L(t) for any ¢ € [0,T].

Thus, we get the assertion (4.1).
Integrating (4.9) over [s,t1] for 0 < s < t; < T, (4.2) is obtained, since p

is nonnegative. m



GLOBAL ATTRACTORS FOR STEFAN PROBLEMS 59

Proposition 4.2. There is a positive constant C1, independent of T, ug
and ly, such that the following inequality holds: For a.e. t € [0,T],

1 d d
wao 3O+ FECu) + 260

< a(t) (1+ u(t) ) (Bt u(®) + (O + Bz +1) + Calt) (O],
where
a(t) = Cu((ab(®)] +[ab (O + [} (1)),
L £(t) 1
G0 = [ (B®) + g — ([ foOu®)de + [ ot

and

Ga(t) = |for(®)|a + | fre(t)]a-
Proof. It follows from Proposition 3.1 that

d 1 ,
aE(t u(t)) + Fp|ut(t)‘H

(411) < ap(®)](lalus)(t,040)] + la(ug) (8, 1=) ) F (¢ u(t)) /P
+ A O)F (t,u(t) — (§), we(®)r — (9(u)(t), ue(t)) 1

+ (fo(t),ue(t)) g + (f1(t),ue(t))g  for ae. t € [0,T7.
We see that, for a.e. t € [0,T],

(€@), ue(t)mr + (g(u)(t), ue(t)) m
4.12
o 5(/ i d“/ (s

(fol ( Na + (f1(), (b))
_d

t),u
(4.13) / der/ ft)u(t)dr) + Go(t)[u(t) |-

t
Also, by (2.6), (2.5
a(8)] (la(ua) (8, 040)] + [au) (£, 1=)]) F(t, u(t))/”
< 2| (&) [F(t, w(t) P (|a(we) ()] o1
Hla(ta)e(®)] 2(0.0) + la(ta)e ()] 2o
(4.14) < 4ad? ol (O F (t,u(t) P (2E(t, u(t)) + By)H*'
+ 4laf(8) [ F(t u(t) P (1EE) 1 + Colu(t) a
+ 1 o)1 + [F1()] 1)

1 :
+ 2C, o e ()3 + 8CH g () PF (¢, u(t)*7, a.e. on [0,T].

) and Lemma 3.3 we have
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Therefore, we infer from (4.11) ~ (4.14) together with Lemma 3.3, again,
that for a.e. t € (0,7
L+ L) + % [ B + )
2, Wl gy b dt Jo PN guL)jax

< at) (Bt u(t)) + [u(t)[y + B2)
+ a(t) (E(t, u(t) + [u®)f + B2 + 1) (Ju(t)| g + 1)
o)
i [ e [ f@uod  Gaouoln

where C is some suitable positive constant.
Thus the proposition has been proved. m

5. GLOBAL EXISTENCE AND GLOBAL ATTRACTOR

The aim of this section is to prove Theorems 2.1, 2.2 and 2.3. In the rest
of this paper we shall use same notation as in the previous sections, too.

Proof of Theorem 2.1. Let [0,7%) be the maximal interval of existence
of a solution {u,¢} of SP. Suppose that T* < oco. Then, by (4.1) and
Proposition 4.2 there is a positive constant M; such that |u(t)|g < M; for
t € [0,7*) and for a.e. t € [0, 7]

22, ) + 5B () + S Gi(0)

a(t)(14+ M) (E(t,u(t)) + MY + By) + M1 Ga(t).
For simplicity, putting
E(t) == E(t,u(t)) + MY + By +1 and a(t) = (1 + Mp)a(t),

(5.1)

and applying the Gronwall’s inequality to (5.1) with the aid of integration
by parts, we conclude that for 0 < so <t <T*

B(t) < exp{ / 7)dr)

N

« {E(so) + /:{Mlaz(T) G (7) exp(/Td(s)ds)}dT}

S0

exp(/ a(r) { S0 —I—/ Gi(T exp(/: ~(s)ds)dT}

+ exp{/ T)dT} X

IN

{ G1(t) exp{— / T)dT} + G1(s0) —|—M1/ e dT}
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Therefore, from the above inequality together with (3.3) there exists a pos-
itive constant My := Ma(sg) independent of T* such that
u(t)|x < M2
[u(t)| oo (0,1) < Mo for t € [s9, T").
|3 (u(t, )] < Ma(i =0,1)

Furthermore, by assumption (H5) we have
x

u(ta) = [yt y)dy + u(t,0)
0

—l‘l/p/|ug3(t)‘LP(O,1) + dy
> _$1/p"]\42 +dy for (t,z) € [s9, T") x [0,1].

This implies that u(t,z) > 0 for (t,x) € [s0,T*) x [0, (do/M3)?"), that is,
0(t) > (do/Mo)¥ for t € [sg, T*). Similarly, we have £(t) < 1 — (do/My)?
for t € [sp,T*). Hence, by Theorem 3.1 the solution {u, ¢} can be extended
beyond time T%. This is a contradiction. Thus, T = oo is obtained, namely,
{u, ¢} is a solution of SP on [0,00). =

(5.2)

v

Proof of Theorem 2.2. First, (2.2) is a direct consequence of (4.1), that
is, for t > 0 and [u, ] € U(M, )
lu(t)| g < C1(M exp(—puit) +1) < Cy (M + 1) := Ms,

where C] and p; are positive constants defined in Proposition 4.1.
Let to be any positive number. By (4.2) with s = 0 it holds that

(5.3) /0 " Bru(r)dr < My for all [u, ] € U(M, 5),

where M, is a positive constant depending only on Ci, M and .
On account of Proposition 4.2 we see that, for a.e. t € [0,T],

1 , d d
—|u, —E(r, i
s e )+ g B () + o Gi)

<a(r) 1+ |u(r)|g) (E(T,u(r))
Hu(r)[fr + B2 + 1) + Ga(7)|u(7) -

Multiplying (5.4) by 7 and integrating it over [0,t], 0 < t < tp, we obtain,
for all ¢ € [0, to],

(5.4)

2(1)[) /Ot Ty (7)|%dr + tE(t, u(t)) 4+ tG1(t)
(5.5) < /Ot ra(r) (1 + My) (E(r,u(r)) + MP + By + 1) dr

+Mj; /Ot Go(T)dT + /Ot E(r,u(r))dr + /Dt Gi(7)dr.
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Applying Gronwall’s inequality to (5.5), for any ¢y > 0 there is a positive
constant Ms(to) such that

E(to, U(to)) S M5(t0)
Jo© 7l (7)|FdT < Ms(to)

From Lemma 3.3 it follows that (2.4) is valid.
Finally, we shall show (2.3). From a similar calculation to (5.2) it holds
that for any tg > 0

% (Mj(oto)yl <H<1- % (Mj(oto))p,

for t >ty and [u, ] € U(M, ),
so that in order to prove (2.3) it is sufficient to get the uniform estimate
for free boundary near t = 0. Let to > 0 and [u,f] € U(M,d). Then,
there is a positive number ¢; < ¢y (which may depend on [ug, £y]) such that
g </<1- % on [0,t1]. Therefore, it follows from Lemma 3.1 that there is
a positive constant Mg = Mg(d) such that for 0 < ¢ < ¢;

t /
| e 2ar
0

(5.6) } for [u,f] € U(M,9).

2 1 3p—2
(5.7) < Mo(Plr Pul )

t
P gy [ 7 el 1€ + Lol

+1folF + 111l F)dr).
Accordingly,

-l < [ el

(5.8) = / L) 2 P21/ (1) |dr
0

ey
pr—=1 0
By (5.6) ~ (5.8) there exists a positive number t5 € (0, to] such that

(o9

4]
3 <(t)<1-— B for t € [0,t2] and [u,f] € U(M, ).
Thus, Theorem 2.2 has been proved. =

Proof of Theorem 2.3. First, [1, Theorem 5.1] implies the continuity of
the operator S(t), t > 0, and Theorem 2.2 shows that for any to > 0, M >0
and 0 € (0,1/2) the set Uy, S(t)B(M, ) is relatively compact in V. So,
in order to accomplish the proof of Theorem 2.3 it is sufficient to show the
existence of an absorbing set because of the general theory in [16, Chapter 1,
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Theorem 1.1]. Namely, we shall show that there are positive constants M*
and 0* € (0,1/2) such that for any positive numbers M > 0 and ¢ € (0,1/2)
there exists a positive number T} = T;(M, §) such that

(5.9) S(t)B(M,d) C B(M*,6*) fort>1Ty.
Let [ug, o] € B(M,0) and [u(t),£(t)] = S(t)[uo, fo]. By Proposition 4.1 we
have

lu(t)|g < C1(M exp(—mt)+1) fort >0,

where C] and p; are positive constants independent of M and J.
Then, there is a positive number 75 depending only on M and p; such
that

|u(t)]H S 201 = M7 for ¢ Z TQ,

and hence it follows from (4.2) that
t+1
/ E(r,u(r))dr < Ms,
t

where Mg = Mg(Ch, p1, p, ko, k1) is a positive constant independent of M
and d. It is clear from Proposition 4.2 that for ¢ > T, and a.e. T € [t,00)
d - d
AN o _H=
(r =)L B(r) + (7~ 1) ()
< (1+ M7)(m —t)a(r)E(T) + M7G2(T),

(5.10)

where E(7) = E(7,u(7)) + ME 4 By. Integrating (5.10) over [t,t+1], t > Ty,
we see that

A

E(t+1)+Gi(t+1)

t+1 . t+1
< (14 M) /t (r = Oa(Emdr + s [ Galr)ir

t+1 t+1
+/ E(T)dT—l—/ G (r)dr.
¢ t

Applying Gronwall’s inequality to the above inequality, there is a positive
constant Mg independent of M and ¢ such that |u(t)|x < Mg fort > To + 1.
By virtue of a similar argument to the proof of Theorem 2.1 we infer that

@)p’ <U(t) < %
8

M) S < )p/ for t > Ty + 1.

( 1—(

do -
Thus, putting 7j = Ty + 1, M* = My and §* = (ﬁo)l’ , we get (5.9). =
8
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6. ASYMPTOTIC BEHAVIOR AS t — 00

In order to prove Theorem 2.4 we give the following proposition which is
concerned with the asymptotic convergence of solutions of SP.
Lemma 6.1. Suppose that all the assumptions of Theorem 2.1 hold. Let
M >0,0€(0,1/2), To > 0 and € > 0. Then, there is a positive number s*
satisfying the following condition (*):

(*) For any [ug, {o] € B(M, ) denote by {u(-;ug, o), ¢(-;up, o)} a solution
of SP(p;a;bh,b%; 3,9, fo, f1,u0,Lo) on [0,00). Then,

S[up ?list([u(t + s;up,4o), £(t + s;u0,Lo)], S(t)[u(s; ug, o), £(s;ug, lo)]) < €

t€[0,Ty
for s > s* and [ug, lo] € B(M, ).

Proof. We suppose that condition (*) does not hold. Then, there are
a positive number g9 > 0, s, > n(n = 1,2,---) and [ugn, bon] € B(M,0)
(n=1,2,---) such that

(6.1)sup dist([u(t + Sn;uon, lon), £(t + Sn; Uon, bon)],
t€(0,To)

S(t)[u(sn; uon, Con)s £(Sn; won, bon)]) > €0 foreach n=1,2,--- .

Here, in order to avoid surplus confusion for notation put u, = u(- +
$ni Uons bon ), bn = Ul + spiton, Lon), O, = 077", 0= 0,1, fin(t) = fi(t+sn),
i = 0,1, Gon = u(Sn;Uon, Lon) and Lo, = u(Sp; Uon, lon). Clearly, {uy, €y} is
a solution of
SP(p;a; bk, b,.: 6,9, fOn,fln,QOn,EOn) on [0,Tp], b, — b on R as n — oo
in the sense of Mosco for each ¢t € [0,7p] and ¢ = 0,1, and f;, — f/ in
L?(0,Ty; H) as n — oo for i = 0, 1.

By Theorem 2.2 and Lemma 3.1 there are positive constants K; and §;
such that for each n

|unlwz0.m:m) < K1,
|Un | oo (0,10;x) < K1,
!bz(;f(un(vi))!mo(oyo) <K; fori=0,1,
’gn’LP’+2(0’TO) < Kj,
51 <l <1-8, onl0,Ty).
In particular, we have
lton|x < K1 and 6 < bon <1—6, for each n.

Then, without loss of generality we may assume that g, — 4o in H and
weakly in X, and fo, — o in R for some 4y € X and ¢y € (0,1). Hence, we
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can obtain the following convergence in a similar way to [8, Theorem 2.4]:
(6.2) u, — @ in C([0,Tp]; H) and ¢, — ¢ in C([0,Tp]) as n — oo,
where {ﬂ,é} is a solution of~SP(p; a;bo, b1; B, g, 1§, fl*,zlo,éo) on [0, Tp].
Similarly, by putting [y, £,] = S(-)[u(sn; on, Con), £(Sn; Uon, fon)], We have
Ty, — @ in C([0,Tp); H) and £, — ¢ in C([0, Tp)) as n — oo.

Obviously, (6.2) and (6.3) contradict (6.1). Thus, this lemma has been
proved. =

Proof of Theorem 2.4. Let M >0, ¢ € (0,1/2) and € > 0. We denote
by {u(-;u0, o), £(+;up, £p)} a solution of SP(p;a;b,b%; 8,9, fo, f1,u0, o) on
[0,00). By Propositions 4.1 and 4.2 the set Uy := {[u(t; ug, £o), £(t; ug, 4o)] €
V5 [uo, bo] € B(M,0), t > 0} is a subset of B(M,,¢,) for some M, > 0 and
0« € (0,1/2). Since A is a global attractor of the semigroup {S(¢);¢ > 0},
there is a positive number T such that

dist(S(t)Uy, A) < % for t > T.
This implies that for t > Ty, s > 0 and [ug, ly] € B(M, )
(6.3) dist(S(t)[u(s;uo, o), £(s;u0, )], A) < g

It follows from Lemma 6.1 that there exists a positive constant s* such that
for s > s* and [ug, bo] € B(M, )

dist([u(s + To; ug, 60), E(S + To; ug, fo)], S(TO)[u(s; uQ, Eo), @(8; uQ, 60)]) <

| ™

Hence, on account of (6.3) and the above inequality, we have
dist([u(t; uo, Lo), £(t; uo, £o)], A) < el for t > Ty + s* and [ug, o] € B(M,0).

This is the conclusion of Theorem 2.4. m

REFERENCES

[1] T. Aiki, The existence of solutions to two-phase Stefan problems for nonlinear para-
bolic equations, Control Cybernet. 19 (1990), 41-62.

[2] T. Aiki and N. Kenmochi, Behavior of solutions to two-phase Stefan problems for
nonlinear parabolic equations, Bull. Fac. Ed. Chiba Univ. 39 (1991), 15-62.

[3] H. Brézis, Opérateurs mazimauz monotones et semi-groupes de contractions dans les
spaces de Hilbert, North-Holland, Amsterdam, 1973.

[4] H. Furuya, K. Miyashiba and N. Kenmochi, Asymptotic behavior of solutions to a
class of nonlinear evolution equations, J. Differential Equations, 62 (1986), 73-94.

[5] A. Ito, N. Kenmochi and N. Yamazaki, Attractors of nonlinear evolution systems
generated by time-dependent subdifferentials in Hilbert spaces, Tech. Rep. Math. Sci.
Chiba Univ., Vol. 12, No. 7, 1996, Lecture Notes in Pure and Appl. Math., Marcel
Dekker, to appear.

[6] N. Kenmochi, Solvability of nonlinear evolution equations with time-dependent con-
straints and applications, Bull. Fac. Ed. Chiba Univ. 30 (1981), 1-87.



66

[7]

(8]

[9]

[10]
[11]
[12]
[13]
[14]
[15]

[16]

T. AIKI

N. Kenmochi, A new proof of the uniqueness of solutions to two-phase Stefan prob-
lems for monlinear parabolic equations, Free Boundary Problems, ISNM., Vol. 95,
Birkh&user, Basel, 1990, pp. 101-126.

N. Kenmochi, Global eristence of solutions of two-phase Stefan problems with mon-
linear flux conditions described by time-dependent subdifferentials, Control Cybernet.
19 (1990), 7-39.

N. Kenmochi, M. Niezgbédka and S. Zheng, Global attractor of a non-isothermal model
for phase separation, “Curvature Flows and Related Topics”, Gakuto Inter. Ser. Math.
Sci. Appl., Vol. 5, Gakkotosho, Tokyo, 1995, pp. 129-144.

M. Mimura, Y. Yamada and S. Yotsutani, A free boundary problem in ecology, Japan
J. Appl. Math. 2 (1985), 151-186.

M. Mimura, Y. Yamada and S. Yotsutani, Stability analysis for free boundary problems
in ecology, Hiroshima Math. J. 16 (1986), 477-498.

M. Mimura, Y. Yamada and S. Yotsutani, Free boundary problems for some reaction-
diffusion equations, Hiroshima Math. J. 17 (1987), 241-280.

U. Mosco, Convergence of convex sets and of solutions of variational inequalities, Adv.
Math. 3 (1969), 501-585.

M. W. Smiley, Global attractors and approximate inertial manifolds for monau-
tonomous dissipative equations, Appl. Anal. 50 (1993), 217-241.

M. W. Smiley, Regularity and asymptotic behavior of solutions of nonautonomous
differential equations, J. Dynam. Differential Equations, 7 (1995), 237-262.

R. Temam, Infinite-dimensional dynamical systems in mechanics and physics,
Springer-Verlag, New York, 1988.

DEPARTMENT OF MATHEMATICS

FAcuLTY OF EDUCATION

GIFU UNIVERSITY
GIFU, 501-11, JAPAN

E-mail address: aikiQgumail.cc.gifu-u.ac.jp



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




