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We consider the initial-value problem for linear delay partial differential equa-
tions of the parabolic type. We give a sufficient condition for the stability of
the solution of this initial-value problem. We present the stability estimates
for the solutions of the first and second order accuracy difference schemes for
approximately solving this initial-value problem. We obtain the stability esti-
mates in Holder norms for the solutions of the initial-value problem of the delay
differential and difference equations of the parabolic type.

1. Introduction

Methods for numerical solutions of the delay ordinary differential equations
have been studied extensively by many researchers (cf. [1, 2, 3, 4, 6, 7, 8,
9, 10, 12, 13, 14, 15, 16] and the references therein) and developed over the
last two decades. In this literature, the linear delay equations was considering
under the condition, such that in the case of the constant coefficients follows
obviously from characteristic equations as the necessary condition. The stability
of the solution of this initial-value problem and of the difference schemes for
approximately solving the initial-value problem were obtained.

However, the theory and numerical solution of the delay partial differential
equations have received less attention than the delay ordinary differential equa-
tions. In the present paper, we consider the initial-value problem for linear delay
differential equations

du(t) _
oAU = BOu—w), 120, (1.1)

ut) =g@), —-w=t=<0,

in an arbitrary Banach space E with unbounded linear operators A and B(?) in
E with dense domain D(A) € D(B(t)). Let A be a strongly positive operator,
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268 Delay differential and difference equations

that is, —A is the generator of the analytic semigroup exp{—tA} (¢t > 0) of the
linear bounded operators with exponentially decreasing norm when ¢ — oco.
This means the following estimates hold:

<Me™, >0 (12)

< Me ¥, | Aexpt—rA}| EmE =

[expt=tA}] .

for some M > 0, § > 0 (see [11]).
A function u(t) is called a solution of problem (1.1) if the following condi-
tions are satisfied:

(i) The function u(t) is continuously differentiable on the interval [—w, 00).
The derivative at the endpoint t = —w is understood as the appropriate unilateral
derivative.

(i1) The function u(¢) belongs to D(A) for all t € [—w, 00), and the func-
tions Au(t) and B(#)u(t) are continuous on the interval [—w, 00).

(iii) The function u(t) satisfies the equation and the initial condition (1.1).

A solution u(t) of the initial-value problem (1.1) is said to be stable if

e, = max )], (13

for every t, —w <t < co. We are interested to study the stability of solutions
of the initial-value problem under the assumption that

Heer=t (14)

|B(tA~
holds for every ¢t > (0. We have not been able to obtain the estimate (1.3) in the
arbitrary Banach space E. Nevertheless, we can establish the analog of estimates
(1.3) where the space E is replaced by the fractional spaces £, (0 < @ < 1)
under the more strong assumption than (1.4).

2. The delay differential equation

It is known that (cf. [17]) the strongly positive operator A defines the fractional
spaces E, = E4(A,E) (0 < o < 1) consisting of all v € E for which the
following norms are finite:

2.1)

Il g, = sup 2!~ Aexp{—2rA}v| ..
A>0

First, we consider problem (1.1) when

A'B()x = B)A 'x, x e D(A). (2.2)



A. Ashyralyev and P. Sobolevskii 269

THEOREM 2.1. Assume that the condition

_ (1-a)
1BOA™ gy g = 4o 2.3)
holds for every t > 0. Then for every t > 0,
)], = max Jg@],. 04
Proof. Using the formula
t
u(t) =exp{—tA}g(0) —I—/ exp { —(t —s)A}B(s)g(s —w)ds, 2.5)
0
the semigroup property, condition (2.3), and the estimates (1.2) we have
Al ||Aexp{—)LA}u(t)“E
<A Aexp{—(+1A}g0)]
! At+t—s
l—a _ -1
+2 /0 Aexp{ 5 A} E%EHB(S)A Iz i
X Aexp{ — )L—H_SA}g(s—w) ds
2 E
—a t M}\l—a22—a
< ety [ G s max s ol
= max [s0]p,
(2.6)
forevery 1,0 <t < w and A, A > 0. This shows that
@]y, = max 50, e

for every ¢,0 <t < w. Applying the mathematical induction, one can easily
show that it is true for every ¢. Namely, assume that inequality (2.4) is true for
t, (n—w<t<nw,n=1,2,3,.... Using the formula

t

u(t)=exp{—(t—na))A}u(na))+/ exp{—(t—s)A}B(s)u(s —w)ds, (2.8)

nw
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the semigroup property, condition (2.3), and the estimates (1.2) we have

M7 Aexp{—rALu(n)|
<Al-@ |Aexp{— A+t —nw)Alu(nw) HE

o [ Ati—s _
+a! “/ Aexp{— 5 A} IB&A™ o,
nw E—E
A+t —
X Aexp{— + SA}u(s—w) ds
E 2.9)
- )\'1—06 ” ( )“ N l—a t M)Ll—ot22—ot J
—u(nw s
T (A+t—nw)l- Eo = pM22-a | (A4t —s5)2@

x nwﬁsn;%):+1)w “ M(S B C()) H Eq

< max fuolg,

forevery t,nw <t <(n+1)w,n=1,2,3,... and A, A > 0. This shows that

<
@]y, = max 50, @.10)
forevery t, nw <t < (n+1)w,n=1,2,3,.... This result completes the proof
of Theorem 2.1. ]

Now, we consider problem (1.1) when
A"'B(t)x # B(HA"'x, x e D(A). (2.11)

Note that (see [11]) A is a strongly positive operator in a Banach space E if
and only if its spectrum o (A) lies in the interior sector of angle ¢, 0 < 2¢ < 7,
symmetric with respect to the real axis, and if on the edges of this sector,
S1=[z=pexplig) : 0 < p <oo] and S, = [z = pexp(—ip) : 0 < p < 0],
and outside it the resolvent (z— A)~ ! is subject to the bound

M,

lG=7 emr = 7

2.12)

for some M| > 0. Throughout, the operator (z/ — A)~! will be written (z—A) L.
First of all we prove a lemma that will be needed in the sequel.

LEMMA 2.2. For any z on the edges of the sector, S| = [z = pexp(ip) : 0 < p <
o0], and S» = [z = pexp(—ig) : 0 < p < o0], and outside it the estimate

MM (14 M) ~“2@-we
a(l—a)(1+]z1)*

lAG—-4)"g|, < lelE, (2.13)
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holds. Here and in the future M and M| are some constants of the estimates
(1.2) and (2.12).

Proof. Applying the formula (see [11])
o
= / Aexp{—tA}pdr, (2.14)
0
and using the semigroup property we obtain

N
A(Z—A)_lg0=/ A(Z—A)_lAeXp{—TA}(pdT
0 (2.15)

o0 _q T T
+ (z—A) "Aexp] —-ApAexpy —-Apdr.
N 2 2

Using the estimates (1.2), (2.12), and the definition of the spaces E,, we obtain

N
="l = [ [aG=a)"] . Aexpi—rale] sax

o0 1 T
+/ [Ei Vi P AeXp{_EA}
N ErE
T
X Aexp{——A}<p dt
2 E
N oo MMlzzfatafz
< 1+M)* tdr+ —df)||<.0||Ea
([0 ( ) N lz|+1
=¥y N)lollg,-
(2.16)
Here
N MM 22—0(N0t—1
Y(N) = (1+M)— + l (2.17)

a  (zZl+D)(I-a)’

Taking the minimum of the function ¥ (N) over all N, 0 < N < oo, we obtain
Lemma 2.2. U

LEMMA 2.3. For all T > 0 the following estimate holds:

|4~ [Aexp(—A)B6) — Bs) Aexpl—tAl]]

- e(a+1)M“M11+°‘(1+2M1)(1+M1)‘_°‘2<2*“)“||QIIEHEHwIIEa
= T2z a2(1 —a) '

(2.18)

Here Q = A~1(AB(s) — B(s)A)A~ L.
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Proof. Applying the Cauchy-Riesz formula, we obtain the representation

1
Aexp{—TtAlp = T s exp{—rz}A(z—A)_le(p
1 2
1
=—— exp{—1z}dzep (2.19)
27 51US>
1 -1
+— exp{—tz}z(z—A)” dz¢
2mi S1US,

for every 7, T > 0. From that it follows that

A7'[Aexp{—TA}B(s) — B(s)Aexp{—7A}]p

L exp{—tz}zA” [(z—A) "' B(s) = B(s)(z— A) ']

_ d
27i Js,us, ¥ (220

1

=-— eXp{—‘L'Z}Z(Z—A)_lQA(Z—A)_Idzgo.
2mi S1US,

Making the substitution z = —1/t+iy, —00 < y < 0o and using integration by
parts, we can write the formula

A™'[Aexp{—TA}B(s) — B(s)Aexp{—tA}]p
e [ : I I -
=—/ exp(—rzy)(——+zy><——+zy—A> 0OA
27 J oo T T
1 -1
><<——+iy—A) dyg
T
e [¥ . . A -l
_E/_wexp(—ny)(—;—i-zy— ) 2.21)
1 1 -
><|:Q—(———|—ly>(——+ly—A) ]
T T
1 1 -
“(ren)elen=a) ]
T T

1 -1
xA(———l—iy—A) dye.
T
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By Lemma 2.2 and performing the change of variable Ty = x, and using the
estimate (2.12), we obtain

| A~ [Aexp{—TA}B(s) - B(s)Aexp{—tAl]o]

e o 1 -
< — |exp(—tiy)|H<——+iy—A)
27T J_so T E—E

x (1+2M)1Qll e

1 _1
A(——+iy—A> dyg
T

E

_ e /oo dy
=rt e (1/T2+y2)(1+01)/2

1— _
y (14+2M)IQll s MM (14 M) 2@~ g,
a(l—a)

e o0 dx
= P - 0 (1+x2)(l+a)/2
l—at (o
y (14+2M) 1 Qll s M TEME (14 M) " 2370 g
a(l—a)

1— _
e(14+a)(14+2M1) | Qll e e M TEME (14 M)~ 2270 0] g,
mrl=®e2(1 —a) '

o

(2.22)
Lemma 2.3 is thus proved. ]
Suppose that
|~ (AB@&) = BmA)A |,
7(l —a)’a’e (2.23)

<
T eMUtam e (14 2My) (14 My) T2 e (1 )

holds for every ¢ > 0. Here and in the future € is some constant, 0 < e < 1.

THEOREM 2.4. Assume that the condition

(I-a)(l—-e)

i (2.24)

A7 B0, =

holds for every t > 0. Then for every t > 0 the estimate (2.4) holds.
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Proof. Using formula (2.5) we have
A=A exp{—AA}u(t)
=217 Aexp{— (A +1)A}g(0)

! A4t —
+A1_“/ exp{— +2 SA}B(S)
0

+t—ys

erxp{— A}g(s—a))ds

! At —
+)\‘17(x/ exp{_ + SA}
0 2
A4t —
X[Aexp{— +2 SA}B(S)

At+t—s
—B(s)Aexp{ — > A”g(s—a))ds

(2.25)

=h+hL+1.
Using the estimates (1.2), (2.12), and condition (2.24) we have

[0 =2"""|Aexpl—(r+1) A}

AT pR S
(A+;;_E”8()”Eu i _max [s)]g,

A= B(s) | ErE
E—E

At —
X Aexp{— +2 sA}g(s_

- t M}\l—a22—o¢
50111[37( ||A IB(I)HE—)E ()\_i_t_s)Z—oz

t A _
I <27 [ Jaeo{ -2

ds Orgflgw || gls—w) H E,

Al—a
< max el (1- 5 Ja -

(2.26)
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for every t, 0 <t < w and A, A > 0. Now we estimate /3. By Lemma 2.3 and
using the estimate (2.23), we obtain

At —
Aexp:— + SA}

E—E

Al [Aexp{— )L+;_SA}B(S)—B(S)

erXp{— k+t_SA”g(s—w)

2

ds
E

<Al +ay MMt (14+2My)(1 +M1)“°‘2<2—°‘>0‘

t|A-H(AB(s) = B()A) A~ . ;27 g(s — )| £, ds
X/O ti—s)2ma2(1—a)

< max ||A=1(AB(s) — B(s)A)

-1
0<s<w A ||E|—>E

/, e(1+a)M M (142M) (14 M) ~“2C@ep2a g
X
0 (A+t—5)2"ra2(l —a)

x_max [g®]p,

Al
< max ||g(r>||Ea(1—W)6
(2.27)

for every t,0 <t < w and A, A > 0. Using the triangle inequality we obtain
11—« _ <
M Aexp{—2 A u @), < _max ls®] (2.28)
for every t,0 <t < w and A, A > 0. This shows that
<
Ju)], = _max sl 2.29)

for every t, 0 <t < w. Applying the mathematical induction, one can easily
show that it is true for every ¢. Namely, assume that inequality (2.4) is true for
every t, (n— o <t <nw,n =1,2,3,.... Therefore, using formula (2.24)
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we have
A% Aexp{—AALu(t)

=1"%Aexp{— (41 —nw)Alu(nw)

A+t—s

—a [f A+t—s
+A expy — 2 AtB(s)Aexpy — Atu(s —w)ds
n

w

d Att— A+t —
+)\‘—°‘/ exp{— +2 SA}[Aexp{— +2 SA}B(s)
n

—B(s)Aexp{—H;_sA”

Xu(s —w)ds

=1y + Dy + I,
(2.30)

Using the estimates (1.2), (2.12), and condition (2.24), we have

[1a] g =21 Aexp{— 41 —ne)Aumo) | ,

)\'l—ol )\'l—a
= A+t —nw)l— ||u(nw) ”E‘" = A+t —now)l— _21;);0 ||g(t) ”Ea’

t R
I AT e
nw

E—E

A+t —
+ SA}

Aexp{—

X Aexp{—k—H_sA}u(s—w) ds
2 E
: M)Ll—ot22—a
Sna)itrg?rirl)w”A B(t)”E'—)E nw ()\+t_s)2_a ’
X max || u(s —w) || E,

no<s<(n+w

Al—a
< —glgazxgo ”g(t)HEa (1 - m)(l —€)

2.31)
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for every t, nw <t < (n+ 1)w and A, A > 0. Now we estimate [I3,. By
Lemma 2.3 and using the estimate (2.23), we obtain

| 53] 5/\1*“[ Aexp{— A+;_SA}
E—~E

nw
At —
A—‘[Aexp{— +2 SA}B(S)

t

X

ds
E

At+t—s
—B(s)Aexp{— 5 A”u(s—a))

S)Ll_ae(l+(X)Ml+aM11+a(l+2M1)(1+M1)1_a2(2_a)a

¢ [ATTABG) = BOAAT | 2 JuG =), ds
x/nw A+t—9)2"ra2(1—a)

< max |A~'(AB(s)—B(s)A)

—1
T nw<s<(n+Do A HE}—)E

ft e(l+a)M1+aM11+a(1+2M1)(1+M1)1_a2(2—a)a22—ads
“I. +i—527a?(l—a)

X max |uts =) | .

Al
< max y|g<r>!|5a(1—m>e
(2.32)

for every t, nw <t < (n+1)w and A, A > 0. Using the triangle inequality we
obtain

A Aexp{—2Aku @), < _max le@|| £, (2.33)

forevery t,nw <t <(n+1)w,n=1,2,3,..., and A, A > 0. This shows that

<
@]y, = max 50, .34
forevery t,nw <t < (n+1)w,n =1,2,3,.... This result completes the proof
of Theorem 2.4. |

3. The delay difference equation

Using the first and second order accuracy implicit difference schemes for dif-
ferential equations without delay (cf. [5]), we have the following approximate
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solution for the initial-value problem (1.1)

1
—(ux —u—1) + Aug = B,
Bi=B(i). n=kr. 1<k, Nt=o, 3.1
Mk=g(tk), tr =kt, —N <k <0;
l(uk_“k 1)+<A+17A2 Mk=l(I+EA B (ug—n+ur—n—1)
T B 2 2 2 —N —N-—1)»

Bk=B<tk—§>, th=kt, 1 <k, (-2)

ur =g(), t=kt, —N <k <0.

THEOREM 3.1. Assume that all the conditions of Theorem 2.1 are satisfied. Then
for the solution of difference scheme (3.1) the estimate

el s, = _max Te(w)lg, (3.3)

holds for any k > 1.

Proof. Consider 1 <k < N. In this case

k
we = REg(0)+ ) RFHg(tjn)z, (3.4)
j=1
where R = (1+7A4)~ . Using the formula (see [5, 11])
1

(I+TA)_k=(k 1)'f *lexp(—=r)exp(—ttA)dt, k>1, (3.5
A

and condition (2.3), we have
AT Aexp{—rAtui
|

(k—1)!
k

l—« 1
+A Zr(k—j)!

J=1

<)L1—a

/(; tk_lexp(—t)”Aexp{_(ft'i‘)\)A}g(O) ”E

0
X / k=i exp(—1) Aexp{ — w } H H BJ-A_1 ” EsE
0 E—E
2 ' E
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l—a | foo k—1 _ dt
<A A 1 exp( t)—(tr+k)l—a ||g(0)||Ea

k
+Xl—0[ l—« ZT 1
M2 = )]

o M22~* dt
X/O £k fexp(—t)m}’g(tj—f\’)”m

<J t , 3.6
=J max [e(u)], (3:6)
where
1 o0 dt
J =A'_“—f tk_lexp(—t)—
k=1 Jo (GEIN s
3.7

k
—H»l_“(l—oc)Zr ! /ootk—j exp(—t)L.
k=t o (tT+ay2a

We will calculate J. Making the substitution K — j = m and using Taylor’s
formula and integration by parts, we obtain

l—a 1 k-1 dt
J=a" | lexp(—)
k-1 J (tT+ 1)

— o T— exXp(—71)—————
mZ_O m Jo P e e

1 o0 dt
= / k=1 exp(—1)
0

k—1)! (tt+r)l-«
[ Eopcbde] o d
+A (1—01)/0 exp(t)[l—/o G— D }’Xp( Vv

_pte ! fmtklexp(—t)L+l
k—1D!J (tT+1)1-«

1 o0 dt
—le / k1 exp(—1t)
0

(k—1)! (tt 1)t
=1.
(3.8)
Therefore,
M| Aexpi=r A p = max g(u)] , (39)



280 Delay differential and difference equations

forevery k, 1 <k < N and A, A > 0. This shows that

el g, = _max s ()], (3.10)

for every k, 1 < k < N. Assume that the estimate (3.2) is true for k, where
(n—1)N <k<nN,n=1,2,3,.... Then for any k, with nN <k < (n+1)N
using formula (3.5) and

k
we=R"Nu,n+ > tRNIM By y (3.11)
j=nN+1

and the estimates (1.2) and condition (2.3), we have

A Aexp{—r A u|

B 1 © N
<! a(k—nN—l)'/o 7V Lexp(—) | Aexp (— (et + M) A)un |
k
Al Z T ,'/ 1"~ exp(—1) AeXp{—%}
Pt (k—='Jo E—E
B (tt+ M)A
oL e R P

<Al_“;/ootk_"N_lexp(—t)L”u N||
- (k—nN—1!J, (rt+1)1—e T E,

k
l—a . M22~dt
Al "= exp(—t) ————||u;_
+ MZZ*O[ Z T(k_])|/0 exp( )(IT _{_)\‘)2701 ”uJ N“Ea
nN-+1
<hmax ]y,
(n—1)N<k<nN o
3.12)
where
1 o dt
Iy = Al_“—/ N lexp(—1) —————
(k=nN-1)!J (tt+1)l-«
(3.13)

+A71—w) Xk: T : /ootkfexp(—z)L
Pl il (k—'Jo (tT+1)2—"
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We will calculate J,. Making the substitution kK — j = m and using Taylor’s
formula and integration by parts, we obtain

o=l L / L P .
" (k—nN—-1!J, (tTt4+r)l-e
k—nN-—1

1 [® dt
Al — — " —t)——————
AT ~e) nZ_O Tm!/o X A

1 © dt

— )\(1—05 / tk—l’lN—l eXp(—t)

(k—nN—-1!J, (tT421)1-

+alm*1 —a)/ooexp(t)
0

gk Nl exp(—£)dE dt
x|1— exp(—t)——
o (k—nN—=1)! (1T +1)2—
1 o0 dt
— )\’l—ol / lk_nN_ICXp(—[)
(k—nN —1)! 0 (l‘[-i—)\,)l_a
1 o0 dt
1—)»1_“ tk—nN—l —¢
* (k—nN — 1)!/0 eXp(=1) T
=1
(3.14)
Therefore
AT Aexpi—rAyur] p = max g ()] 5, (3.15)

N=<k=<0

forevery k,nN <k <(m+1)N,n=1,2,3,..., and A, A > 0. This shows that

luill g, = _max Jg (), (3.16)

—w<k=<0

forevery k,nN <k <(n+1)N,n=1,2,3,.... This result completes the proof
of Theorem 3.1. O

THEOREM 3.2. Assume that all the conditions of Theorem 2.4 are satisfied. Then
for the solution of the difference scheme (3.1), the estimate (3.3) holds for any
k>1.

Proof. Consider 1 <k < N. Using formula (3.5) we have
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A Aexp{—AAug = A1 (k_l B /OOO t*“lexp(—t)Aexp (— (tt +1)A)g(0)

k
1 ki TE+A
Al k= —t -——A
" jZ_]T(k—j)!/o onesp| -7 4]

I+
xBjAexp{ I 5 A}g(l‘j_N)

k
1

I

; (k=)

]_

oo .
x/ k=i exp(—t)Aexp{—
0

t+A t+A
x[exp{—T;_ A}ABj—BjAexp{—T;— A”g(tj_N)

A
T+ A}A_]
2

=Ti+1+Ts.
(3.17)

Using the estimates (1.2), (2.12) and assumption (2.24), we have

1 o0
HES)LI_O[(k—l)‘/O‘ t*exp(—n)||Aexp{— (zt +1)A}g (0

<ne s [T tenen e ma o)
=M%=, (T + 1)1~ _Nek<o Eo’

t+A
Aexp{—T;_ A}

|7

k

1 o0 .
|7a] <31 Y v fo = exp(=1)
j=1 '

E—E

Tt+A

x| Bja™! 5 px

asti-v)

Aexp{—

E

1—«
_M -6
- M22—a

k
1 e M2 4¢
XZ‘:T(k_j)!/(; * JeXP(—f)m”g(tj,N)”Ea

Y - © B dt
<A1 —a) G)Zr(k ])'/ *=7 exp( t)—(tr+)»)2‘°‘

x_max lg(t)]
(3.18)
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forevery k, 1 <k < N and A, A > 0. Now we estimate 73. By Lemma 2.3 and
using the estimate (2.23), we obtain

k

- 1 * k-
73] <1 e [T esntn

j=1

t+A t+A
A_I[Aexp{—t;_ A}Bj—BjAexp{—T;_ A”g(tj_N)

t+A
Aexp{—T;_ A}

E—E

X

E

1
(k= )\

k
<l 1g<a§XN |A=1(AB; - B;A)A™! ||E—>EjZ]T

1- _
x/ = exp( t)e(l+a)M°‘M11+°‘(1+2M1)(1+M1) ¥y (2-a)a
2
0 ma*(l—w)

M2 dt
X m“g(U—N)HEQ

k 1 o0 dt
<al=ea- — | Fexp(—t)———
= ak; T(k—j)!/o XD A

x max [g(t)|

(3.19)

for every k, | <k < N and A, A > 0. Using the triangle inequality we obtain

PR ||Aexp{—AA}uk ||E < _]{Jnfalz;OJ ||g(tk) || E, (3.20)
for every k, 1 <k < N and A, A > 0. This shows that

ol g, = _max )], (3.21)

for every k, 1 <k < N. Applying the mathematical induction, one can easily
show that it is true for every k. Namely, assume that inequality (3.2) is true for
everyk,(n—1)N <k <nN,n=1,2,3,....Thenforany k,nN <k < (n+1)N
using formula (2.8) we have
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A% Aexp{—1A}uy

1 o
SR —— LSS Y| —(t14+1)A
(k_nN_l)!fo exp(—1) Aexp{ — (r1 +2) A}utny
k
1 © TH4A
alme T / tk_-’exp(—t)exp{——A}B'
._XN: (k=ptJo 2 !
j=nN+1
t+A
erxp{—T + A}uj_N
k 1 o0 . TH+A
+al-e Z Tk ,'/ tk_Jexp(—t)Aexp{— 3 A}
jonve k= DHo
t+A t+A
xAl[exp{—%A}ABj—BjAexp{—%A”ujN
= Tln +T2n +T3n~
(3.22)
Using the estimates (1.2), (2.12), and assumption (2.24) we have
1 1 % k—nN—1
—a —nN—
1 o dt
<)L1—a tk—nN—l ¢ t ,
= (k—nN—l)!/o X e i s,
k
1 o . t+ A
| Tl p <2t Y- Tﬁ/ 1~ exp(~1) Aexp{—T;r A}
Pyl (k—!Jo E—E
—_— T+ A
XHA*lBj”E_)Ex Aexp{——A}uj_N
2 E
A1 —a)(1—e)
<
- M22—a
k _
1 /00 .y M2>~* dt
e P exp(—1) o2y
—7)! 2— J Eq
Pl k=) Jo (tt+r)>«
¢ 1 [ dt
<Ald-—a)(1-e) Z T / tk_jexp(—t)—
p— _.' 2_
o =it (tT+n)2e

x_max g ()] g,

(3.23)
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forevery k,nN <k <(m+1)N,n=1,2,3,..., and 1, . > 0. Now we estimate
T3,. By Lemma 2.3 and using the estimate (2.23), we obtain

k

1 © t+A
| Tou|p <27 > rﬁ/ 157 exp(—1) Aexp{—T;_ A}
o K= Do E-E
t+1 42
A aexpl =T alp —Biaexpl - Al 0y
2 2 E
Lo
<l A=V (AB; - B;A)A™! —_—
B nN+1£i)én+l)N H (AB; = 5;4) H E_)E]Z_;T (k— !

1+ l—a 00—
5 Ootk_jex (_t)€(1+(¥)M‘¥M1 a(1+2M1)(1+M1) 22—
d mo?(l1—a)

M2>~*dt
e,

k 1 o0 dt
<ill-we Y 1 / t*=J exp(—t) ———
- —7)! 2—

Pyt (k—j)Jo (T +r)="«

x_max [g(n)] g,

(3.24)

forevery k,nN <k <(mn+1)N,n=1,2,3,..., and A, A > 0. Using the triangle
inequality we obtain

M Aexpl—rAu] p = max g (n) (3.25)

|,
forevery k,nN <k <(n+1)N,n=1,2,3,..., and A, A > 0. This shows that

Juill g, = _max ()|, (3.26)

—w<k<0

for every k, nN < (n+1)N,n =1,2,3,.... This result completes the proof of
Theorem 3.2. O

Now we consider the difference scheme (3.2). We have not been able to
obtain the same result for solution of the difference scheme (3.2) in the spaces
E, under the assumption for the difference scheme (3.1). But, we have the
asymptotical stability of the solution of the difference scheme under the supple-
mentary restriction of the operator A that is considered in the following section.
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4. The difference scheme (3.2)

THEOREM 4.1. Let condition (1.2) be satisfied. Suppose that the following esti-
mate holds:

(xA)?\ ™
T+tA)|I+TA+ <1,
2 E—E
4.1)
A A)2\"! 1+v2
I+ 22 )1 +74) [4ras D < J“/_,
2 2 ErE 2
and
- (I-a)
B(1)A™! < 4.2)
H H E—E M21_“(1 +ﬁ)
holds for every t > 0.
Then for the solution of difference scheme (3.2) the estimate
luclle, = max [e(t)]e, 43)

holds for any k > 1.
Proof. Consider 1 <k < N. In this case
k . TA
Up = ng(()) +2Rk—]+1 ([—l— 7) (g(tj—N) +g([j_N_1))T, 4.4)
j=1

where R=(I+tA+(t A)2/2)_1. Using formula (3.5), the estimates (1.2), and
assumption (4.1) we have

- (‘EA)Z —1\ k
A Aexp{—rAur | < ((I+tA)(I+rA+ 5 ) )

E—FE

/0 L exp(—1)|| Aexp { — (z1+1)4}50) ,

(TA)2 —1I\ k—j
((I—I—rA)(I—I—tA-i— > ) )

k

X

(rA)2>_1

TA
<I+7)(1+TA)<I+TA+

E—FE
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1 o ki T+ 1
x(k_j)!fo i~ exp(—1) AeXP{— 5 A} o 1BiAT e
tt+A |1
<|aep] - T E AL )+ elov-)
E

-« 1 /OO k—1 . dt
<X o " exp( t)—(nﬂ)l_aug(O)HEa

(1+v2)  1-«a Xk:r 1 /Ootk_jex n M22a gy
2 M2 (1+v2) = k- ) P e

J=1

S(&(tn) +8(5-v-1)

X
Eq
<J_max [g(i)]g, (4.5)
Therefore
M aep(ratnl = max [s(w)l, “6)
for every k, | <k < N and A, A > 0. This shows that
N O @)

for every k, 1 < k < N. Assume that the estimate (4.3) is true for k, with
(n—1)N <k<nN,n=1,2,3,.... Then for any k, nN <k < (n+1)N using
formula (3.5) and

k

. TA 1

ug = RN uyn + Z TR (1 + 7) sz(uij tuj_n-1), (4.8)
j=nN+1

the estimates (1.2), and assumption (4.1) we have that

ale ||Aexp{—kA}uk ”E

(‘EA)Z —1\ k—nN
5”((1+‘CA)<I+TA+ > ) )

1

o0
Xl k—nN— 1),/0 7V exp(—0) | Aexp {— (et + 1) Afuan |

E—E
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k 2\ —1\ k—
A
A Y ((I+1A)<I+1:A+(T )> )
j=nN+1 2 EmE
TA (A)2 —1
1+— I+tA)|I+7A+
2 E—E
1 o . t+A)A
X y / tk_fexp(—t) Aexp{—u}
(k=N Jo 2 E—E
B (Tt +1)A
X“B]'A 1HE—)E Aexp{ 2 }Z(MJ N+ul N— 1) E
1
<)\1_a tk—nN 1 _ Uy
= (k—nN—l)!/o PG +x)1 e LS
1++/2 l—a k 1
! 2 : (173 2w
(1+ )] —nN+1 1)
© M2>%dr |1
k—j
l‘ — e —
x/o XP(—) oy |3 (4N Fuj-x-1) N
<Jp  omax Juip . (4.9)

(n—1)N<k<nN

Therefore

1—
Mol Aepl-AAu] = max [a()

I L, (4.10)

forevery k,nN <k <(n+1)N,n=1,2,3,..., and A, A > 0. This shows that

luellz, = max lg(u)]e, @.11)

for every k, nN < (n+1)N,n =1,2,3,.... This result completes the proof of
Theorem 4.1. O

Now, we consider the difference scheme (3.2) when

AT'B()x # B()A™'x, x e D(A). (4.12)
Suppose that
A= (aB(®) - BOA) AT,
r(l—a)2a?(1+a)  (14++/2) e (4.13)

eMHe M (1 42M) (14 My) '~ 224a—

holds for every ¢ > 0.
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THEOREM 4.2. Let the assumptions (1.2) and (4.13) be satisfied. Suppose that
the following estimate holds:
(1—a)(1—¢)

— 4.14
M22(14+/2) @1

A= BO g =

for every t > 0. Then for the solution of difference scheme (3.2) the estimate
(4.3) holds for any k > 1.

Proof. Consider 1 <k < N. Using formula (3.5) we obtain

AT Aexp{—AA}ug

2N\ —1\ k
:((I—lrrA)(I—HA—I—(T?)) )

1
(k—1)!
k

I-a (tA)’ “)"‘f( z)
+A Zr((1+tA)<I+rA+ 5 ) I+

j=1

X )\‘1—0(

/OO k=1 exp(—t)Aexp { — (ft—l-)»)A}g(O)
0

(za)>\!
x(I+rA)<I+1'A+ ) >

X & _1 i /0 th=i exp(—t)exp { — —(” —;MA }

t+MA|1
XBjAexp{_u}

2 5 (8(tj-n) +e(tji-n-1)) (4.15)

2
k 2N\ — 1\ k=Jj
l-a (tA) TA
+A E T<(1+‘EA)<I+TA+ 2 ) ) <I+ > )

j=1

(tA)?\ !
x(I+rA)<I+tA+ > )

X (k—lj)! foootk_j exp(—t)Aexp{—@}A_1

X [exp{—%}ABj—BjAexp{—%H

1
x5 (g(tj-n) +(tj-n-1))
=P+ P+ Ps.

Using the estimates (1.2), (2.12), and assumption (2.24), we have
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2N\ —1\ k
HP]HES"((1+1A)<I+IA+(T§)) )

1
(k—1)!

l—a | * -1 dt
=4 (k—1)!/0 e exp() T N<k<0||8(fk)||5v

k 2\ —I\ k—j
((1+1A)(1+1A+(TA)) )

E—E

X A'lft)l

[ —

Ba]p <2 ’

j=1 E—E
(rA)?\ ™!
(I+—>(I+rA)<I+rA+ 2 )
E—E
1 © k—j B _(tt—l—k)A
X (k—j)!/o t exp(—1) Aexp{ —2 } o

NATB :

Aexp{ M}z(g(t, N)+&(tji-n-1))

E

B (1+V2) M2l —a)(1—¢)
2 M2'o(1442)

k

1 © M227% dt
t —J ) ——
XZT(k—j)!/o R e VT

j=1

1

X z(g(tij)‘*‘g(tj*N*l))
Eq
k 00 11—«
. A dt

— — ki] Y 02—

< (- G)Zr(k—j)!/o "~ exp( t)(t‘[+)\.)2_a

Jj=1

x_max Jg(n)],

(4.16)

for every k, 1 <k < N and A, . > 0. Now we estimate P;. By Lemma 2.3 and
using the estimate (2.23), we obtain
[Py <27 e

2N\ I\ k=Jj
((1+tA)<I+TA+(T?) ) )
j=1

TA (tA)2\ 7!
(1+ )(1+TA)(1+‘L’A+ 5 )

k

E—FE

E—E
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X (k—lj)! /Oootk_j exp(—1t) Aexp{—%}

Al [Aexp{— —(rt -;)L)A }Bj —BjAexp{— —(rt -;)L)A ”

E—E

X

X %(g(tj—N) +g(tj-n-1))

E

Ao (1+4/2) - = S !
<5 max, |A-'(AB;—B;A)A l||E—>Ej2=;T(k_j)!

1+ l—a 00—
5 ootk_jex (_t)€(1+Ol)M01M1 a(1+2M1)(1+M1) 22—
b ra?(l—a)

M2*dr 1
X e o 1@ l-m) +elii-v-1)) | g,

k 1 o0 dt
<al=ra-— — | Fexp(—t)————
= a)ej;T(k—j)!/o P G A

x_max [e(w)] g, @.17)

for every k, 1 <k < N and X, A > 0. Using the triangle inequality we obtain

M aexpl=r Ay = 7 max fg(u)], @.18)
for every k, | <k < N and A, A > 0. This shows that
luwels, = _max Ns(m)]e, (4.19)

for every k, 1 < k < N. Assume that inequality (3.3) is true for k, with (n —
)N <k <nN,n=1,2,3,.... Then for any k, nN <k < (n+ 1)N using
formula (2.8) we have that

A% Aexp{—AA}ug
(‘L’A)2 —1\ k—nN
=((I+tA)(I+rA+ > ) )

1 00
l-o k—nN-—1
X A m‘/(; t exp(—1)Aexp{— (t1+ M) A}unn
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k

2N\ — I\ k—j
Y z((1+rA)<1+rA+(T§)> )

j=nN+1

(e e (reear 7).
I+— (I+7tA) I+1A+

2

1 . (rt+1)A
X (k—j)!/o i* fexp(—t)exp{—T}BjA

(tt+M1)A
xexp{ T}Z( uj_N+uj_n— 1)

k

2N\ =1\ k—
+ale Z r<(1+rA)<1+rA+(“;)> )

j=nN+1

TA (tA)\ !
<I+—)(1+TA)(1+‘L'A+ > )

! - /Ootk_j exp(—1)A exp{ — —(U—HL)A }

X
(k—=ptJo 2
t+A)A t+1)A
2 2
1
Xz(uj—N-l-uj—N—l)
= Pin+ Pon+ Ps. (4.20)

Using the estimates (1.2), (2.12), and assumption (2.24) we have

(TA)2 —1\ k—nN
((I—I—tA)(I—i—rA—l— > ) )

1 o0
aal =t [ e | Aexp (~ et A

|21

le =
E—E

l—a 1 ook,1 dt
=4 (k—nN—l)!/O R N<k<0||g(fk)“Ea

e S
Tl +TA)|I+TA+

[Ponp <217 >
TA (zA)2\"!
<I+—>(1+TA)<I+‘L’A+ 5 )

j=nN+1 E—~E

E—E
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(tt+1)A
4

X - t* 7 exp(—t) | Aexp { —
(k—J)!/o

Tt+A)A
Aex { (T}z(uj NtUj_nN— l)

E—E

||A 1B

. )

B (1+V2) A1 —a)(1—¢)

T2 M2e(1442)
‘ 1 M2 gy
Z f(k— 5 t ]exp(—t)—(t e
j=nN+1 J)-Jo T

1

x| 5 (j-n+uj-n-1)

Eq

k 00 1—«
1 - A%
<(I—-a)(1—¢) Z T(k—j)!/() ! exp(—l‘)m

j=nN-+1

x max g()|p, (4.21)

forevery k,nN <k <(n+1)N,n=1,2,3,..., and A, > > 0. Now we estimate
P3,,. By Lemma 2.3 and using the estimate (2.23), we obtain
[Poullp <27 Y7

(tA)2\ "\,
T ((1+tA)<I+rA+ 5 ) )
Jj=nN+1

TA (tA)2\ !
(I—I— )(1+TA)(1+'L’A+ > )

| o (tt+0)A
X (k—j)!/o ik Texp(—t) —}

2
A_I[Aexp{—M}Bj

k

E—FE

E—E

Aexp { -
E—E

X
2

MA
—BjAexp{ m”Z(Lt] NtUuj-_nN— 1)

2
M (1+4/2)
< 7
- 2 nN+]<j<(n+1)N

) Z Th—j) n'

j=nN+1

E

|A=1(AB; —B;A)A7| . ¢
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1+ l—an_
X/oofk_jexp(—t)E(] +0l)M05M1 a(]+2M1)(1+M1) 2( o)
ma?(l —)
M2>~dr 1
(tr+)\)2 «)

«( 1
§k1 —a)e Z T(k By

j=nN+1

Sluj-n+ujn- 1“5

o0 ; dt
k—j
t —t t 4.22
X/o exp( )(t Taa N<k<0”g(k)”E (4.22)
for every k, nN <k < (n+1)N and A, A > 0. Using the triangle inequality we

obtain

M Aexpi—dAlui] p < Jn_max g () 4.23)

_max [g(n)],

forevery k,nN <k <(n+1)N,n=1,2,3,..., and A, A > 0. This shows that
() | £, (4.24)

Jucl, = max

for every k, nN < (n+1)N,n =1,2,3,.... This result completes the proof of
Theorem 4.2. O

5. Applications

We consider the initial-value problem on the range {0 < r < 1, x € R"} for
2m-order multidimensional delay differential equations of parabolic type

du(t, x) altlu(z, x)
D at(x)W-l-Su(t . X)

|t|=2m 1

Tlu(t —w, x)

(1) TI:sza,(x) 8x1 s +ou(t—w,x)|, <t< X
5.1
u(t,x) =g(t,x), —w<t<0, xeR", ltl=t1+ -+, (5.2

where a, (x), b(t), g(t, x) are given sufficiently smooth functions and § > 0 is
the sufficiently large number. We will assume that the symbol

ATE = Y ar(@)(i&)" - &)™ (5.3)
|t|=2m

of the differential operator of the form

alrl
Al = ar(X) ——— 5.4
= e oY
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acting on functions defined on the space R", satisfies the inequalities
0 < MiEP" < |A}(&)] < Mol < 00 for & #0. (55

Problem (5.1) has a unique smooth solution. This allows us to reduce the
initial-value problem (5.1) to the initial-value problem (1.1) in the Banach space
E with a strongly positive operator A* = A} + 41 defined by (5.4). We give a
number of corollaries of the abstract Theorems 2.1 and 3.1.

THEOREM 5.1. Assume that

sup |b(t)|§ _

—_— 5.6
0<t<oo M2« -0

Then the solutions of the initial-value problem (5.1) satisfy the following stabil-
ity estimates:

1
Sup HU(Z‘, ) Hc2ma(Rn) =< MZ(a) 72’1;)(50 ||g(t7 )” CZma(Rn)7 0 << %7

0<t<oo
5.7
where My («) does not depend on g(t, x). Here C*(R™) is the space of functions
satisfying a Holder condition with the indicator ¢ € (0, 1).

The proof of Theorem 5.1 is based on the estimate
I exP{_tAx}HC(R'lHC(Rn) =M, t=0, (5-8)

and on the abstract Theorem 2.1, on the strong positivity of the operator A* in
C?(R™), and on the fact of the equivalence of the norms in the spaces E, =
Eo(A,C(R") and C¥"*(R") when 0 < o < 1/2m (see [5]).

We define the grid space R} (0 < h < ho) as the set of all points of the
Euclidean space R" whose coordinates are given by

xi =sih, si=0,+£1,42,..., i=1,...,n. (5.9)

To the differential operator A* = A} + 481 defined by (5.4) we assign the differ-
ence operator Aj by the formula

Ap"x)y= Y bMx) D" (x) (5.10)
2m<|r|<S

of an arbitrary high order of accuracy that approximates this multidimensional
elliptic operator A* which acts on functions uﬁ defined on the entire space R} .
We will assume that for |§xh| < 7, the symbol A*(&h, h) of the operator Aj
satisfies the inequalities

|A*(Eh, h)| = M3|&1*",  |arg A™(Eh,h)| < ¢ <. (5.11)
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With the help of A; we arrive at the initial-value problem

(" (t,x)) + Afu" (t,x) = b() Aju" (1 —w,x), 120, x eR",

(5.12)
ul(t,x) = g"(t,x) =g(t,x) (~w<1<0), xeR",

for an infinite system of ordinary differential equations. Now, we replace prob-
lem (5.12) by the first order accuracy in ¢ difference scheme

1
;(u,i’(x) —ui’fl(x)) +Aflu2(x) = b(tk)Aflui’_N(x),
twn=kt, 1 <k, Nt =w, x eR}, (5.13)

ui’(x):gh(tk,x), tx=kt, —N <k <0, x eR}.

THEOREM 5.2. Assume that all the conditions of Theorem 5.1 are satisfied. Then
for the solution of difference scheme (5.13) the estimate

1
h h
]SS]?EOO ||uk ||C2m"‘(RZ) =< MZ(O() —glfatxf() ||gk “CZ"“"(RZ)’ O<a< %7 (514’)
holds.

The proof of Theorem 5.2 is based on the estimate
[ eXP{_tkAZ}HC(R;;)—w(R;) =M, k=0, (5.15)

and on the abstract Theorem 3.1, the positivity of the operator Aj in C*(R}),
and on the fact that the E, = E4(Aj, C(R}))-norms are equivalent to the norms
Ccme (R%) uniformly in & for 0 < @ < 1/2m (see [5]).
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