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We investigate the local exact controllability of a linear age and space popula-
tion dynamics model where the birth process is nonlocal. The methods we use
combine the Carleman estimates for the backward adjoint system, some esti-
mates in the theory of parabolic boundary value problems in L¥ and the Banach
fixed point theorem.

1. Introduction

We consider a linear model describing the dynamics of a single species popula-
tion with age dependence and spatial structure. Let p(a, ¢, x) be the distribution
of individuals of age a > 0 at time ¢ > 0 and location x € €2, a bounded domain
of RV, N e {1, 2,3}, with a suitably smooth boundary d€2. Let a; be the life
expectancy of an individual and 7 a positive constant. Let S(a) > 0 be the
natural fertility-rate and @ (a) > O the natural death-rate of individuals of age a.
We assume that the flux of population takes the form kV p(a,t, x) with k > 0,
where V is the gradient vector with respect to the spatial variable. The evolution
of the distribution p is governed by the system

Dp(a,t,x)+u(a)pla,t,x)—kAp(a,t,x) = f(a,x)+mx)u(a,t,x),
(a,1,x) € Qr,

a—p(a,t,x):O, (a,t,x) e X,

av

p(O,t,x)=/aT,3(a)p(a,t,x)da, (t,x) e (0, T)x L,

p(a,0,x) = poo(a,x), (a,x) e (O,aT) X €2,

(1.1)

where u is a control function, m is the characteristic function of w, f is a supply
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358 Controllability of the population dynamics

of individuals and py is the initial distribution. Here w C €2 is a nonempty open
subset, Q7 = (0,a+) x (0,T) x @2, X7 = (0,a+) x (0, T) x 9L2.
We have denoted by
plate,t+e,x)—pla,t,x)

Dp(a,t,x) = lim (1.2)
e—0 &

the directional derivative of p with respect to the direction (1, 1, 0). It is obvious
that for p smooth enough,

_dp  dp

_ . 13
P= 91 " a (1.3)

Let ps be a steady-state of (1.1), corresponding to # = 0 and such that
ps(a,x)>po>0 ae. (a,x)€(0,a1)x2, (1.4)

where pg > 0 is constant and a; is a constant which will be later defined and
belongs to (0, a+).

The main goal of this paper is to prove the existence of a control u such that
the solution of (1.1) satisfies

pa,T,x) = ps(a,x) ae.(a,x)e (O,aT) x €2, (1.5)
pla,t,x)>0 a.e. (a,t,x) € Or. (1.6)
Condition (1.6) is natural because p represents the density of a population.
We notice that if p is the solution to (1.1), then p — p; is the solution to
Dp+p(a)p—kAp =m(x)u(a,t,x), (a,t,x)€ 0r,

a—p(a,t,)c)zo, (a,t,x) € X,
v ar (1.7)
p,t,x) =/ Ba)p(a,t,x)da, (t,x)e (0,T) x Q,

0

p(a707x)=ﬁ0(a’x)7 (a,x)e (O,GT)XQ,

where po = po— ps.

The above formulated problem is equivalent with the exact null controllability
problem for (1.7). If we denote now by p the solution to (1.7), then condition
(1.6) becomes

pla,t,x) > —ps(a,x) ae.(a,t,x)eQr. (1.8)

The main result of this paper amounts to saying that system (1.7) is exactly
null controllable for pg in a neighborhood of p;.

We recall that the internal null controllability of the linear heat equation,
when the control acts on a subset of the domain, was established by Lebeau and
Robbiano [10] and was later extended to some semilinear equation by Fursikov
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and Imanuvilov [4], in the sublinear case and by Barbu [2] and Fernandez-Cara
[3], in the superlinear case.

The paper is organized as follows. We first give the hypotheses and state the
main result. The existence of a steady-state of (1.1) with u = 0 is established in
Section 3. The proof of the local exact null controllability is given in Section 4.
The proof is based on Carleman’s inequality for the backward adjoint system
associated with (1.7).

2. Assumptions and the main result

Assume that the following hypotheses hold:
(A1) B € L*(0,a4), B(a) =0 ae.a € (0,ay),
(A2) there exists ap, a1 € (0, a+) suchthat B(a) =0a.e.a € (0,a0)U (a1, a+),
B(a) > 0 a.e. in (ag,ay),
(A3) € LY, (10.a1)), (@) > 0 ae. a € (0.ap),
(Ad) [y nla)da = +oo,
(AS) po € L*((0,a3) x ), pola,t) = 0ae.in (0,at) xQ, f € L*((0,as)
x ), f(a,x) > 0a.e.in (0,a;) x Q2.
For the biological significance of the hypotheses and the basic existence results
for the solution to (1.1) we refer to [5, 6, 11].
Let ps be a steady-state of (1.1), corresponding to # = 0 and such that

ps(a,x) = po>0 ae. (a,x)€(0,a1)x2Q, .10
where pg > 0 is constant.
Denote by pg = po — ps- Then we have the following theorem.
THEOREM 2.1. If || po |l Loo ((0.a) x2) is small enough, then there exists u € L*(07)

such that the solution p of (1.7) satisfies

p@a,T,x)=0 a.e (a,x)€ (O,aT) X Q,

2.2)
pla,t,x) > —ps(a,x) ae (a,t,x)eQ0r.

3. Existence of steady states to (1.1)

In this section, we will study the existence of py, a steady-state of (1.1),
corresponding to u = 0, which satisfies (1.4). The steady-state p; should be
a solution to

0D,

%-HL(G)PS —kAps = f(a,x), (a,x)€(0,at)x9Q,

0

a0 =0. @x) e(0.a)xaQ. G
%

ps(0,x) = fwﬁ(a)ps(a,X)da, x €.
0
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Denote by R = foa B (a)e’/él 1) dg the reproductive number and by fy a
nonnegative constant.

THEOREM 3.1. If R < 1 and f(a,x) > fo > 0 a.e. (a,x) € (0,a;) x 2, then
there exists a unique solution to (3.1), which in addition satisfies (1.4).

If R=1and f =0, then there exist infinitely many solutions to (3.1), which
satisfy (1.4). If R > 1, then there is no nonnegative solution to (3.1), satisfying
(1.4).

Proof. If R < 1, then there exists a unique (and nonnegative) solution to (3.1)
via Banach fixed point theorem. If, in addition, f(a,x) > fo > 0 ae. (a,x) €
(0, ay) x €2, then by the comparison result in [5] we get that

ps(a,x) > pi(a,t,x) ae. (a,1,x)€Q=(0,a;)x(0,400) xQ, (3.2)

where p; is the solution to

Dp; +upi —kAp;i = fo, (a,t,x) € Q,
opi
a_])_o’ (avtv-x)eza (3‘3)
as
mmmm:/'Mmeamw,mme@ﬁwWQ,
0
pi(a,0,x) =0, (a,x) € (0,a:) xQ

(2 =(0,a4) x (0,400) x 9€2); p; does not explicitly depend on x. So, we will
write p;(a,t) instead of p;(a,t,x) and

ps(a,x) = pi(a,1) Vie€[0,+00), ae. (a,x)€(0,a;)xQ, (3.4)

where p; is the solution of

Dp; +upi = fo, (a,1) € (0,a;) x (0, +00),

pi(0,1) = /QT B(a)pi(a,t)da, te (0,4+00), 3.5)
0

pi(a,0) =0, ac(0.as).

For t > a+ we have
pi(0,1) >0, p;(0,1) is continuous with respect to ¢ 3.6)

(see [7]). As a consequence we obtain that there exists pg > 0 such that, for ¢
large enough, and for any a € (0, ay),

pi(a,t) > po, 3.7

and in conclusion we get that p, satisfies (1.4).
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If R=1 and f =0, then any function defined by
pa,x)=ce 0O qq, (a,x) € (0,a1) x 2 (3.8)

is a solution to (3.1) (for any ¢ € R). In fact these are all the solutions to (3.1)
in this case. It is now obvious that there exist infinitely many solutions to (3.1),
which satisfy (1.4).

If R > 1 and if it would exist a nonnegative solution p; to (3.1) satisfying
(1.4), then p(a,t,x) = ps(a, x), (a,t,x) € Q is the solution to

Dp+up—kAp = f(a,x), (a,t,x) € Q,
ap
P =0, (a,t,x) e X, (3.9)
p(O,t,x)=/af,3(a)p(a,t,x), (t,x) € (0,400) x 2,
0
p(a907x)=px(as-x)v (a,X)E(O,aT)XQ

and for 1 — +o00 we have (see [9])

lim
t——+00

||p(t)”L2((0’a+)XQ) = +o00. (310)

On the other hand,

||p(t)||L2((O,aJr)><Q) = | ps ||L2((O,a4r)><Q)’ G.11)

and 8o || ps |l 12((0.a)x ) = 00, Which is absurd.

4. Proof of Theorem 2.1

In what follows we will use the general Carleman inequality for linear parabolic
equations given in [4]. Namely, let @ CC w be a nonempty bounded set, Ty €
(0, +00) and ¥ € C?(2) be such that

Y(x) >0, Vxeq,

Y(x) =0, VxedQ, @.1)

VY (x)| >0, VxeQ\o
and set
eMb(x) _eZKWIIC(Q)
t(To—1)

where A is an appropriate positive constant.
Denote by Dg, = (0, Tp) x 2. O

a(t,x) = , 4.2)
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LEMMA 4.1. There exist positive constants Cy, s1 such that

g/
S Dr,

0

2sa
t(TO—t)eZW({wt|2+|Aw|2)dxdt+s/ — _|\VwPdxdt
Dy, l‘(T()—l‘)

2sa

e
+53/ —3|w|2dxdt
Dy, 13(To —1)
2sa

< Cl[/ ezm|wt+Aw|2dxdt—|—s3/ e—3|w|2dxdt:|,
DTO 0,Ty) xw t3(T0—t)

(4.3)

for all w € C*(Dry), (dw/dv)(t,x) =0, V(t,x) € (0, To) x I and s > s1.

For the proof of this result we refer to [4]. Let Ty € (0, min{ag, T/2, ay —a1}).
Define

K = L*((0,27p) x Q). (4.4)
In what follows we will denote by the same symbol C, several constants
independent of pg and all other variables.

For b € K arbitrary but fixed and for any & > 0, consider the following
optimal control problem:

1
Minimize{//(p(a,t,x)|u(a,t,x)|2dxdtda+—/ /|p(a,t,x)|2dxdl},
GJQ & JrygJa
4.5)

subjectto (4.7) (u € L2(Q270) and p is the solution of (4.7) corresponding to u).
Here

G = (0, a-;-) X (0, To) @) (0, To) X (T(), 2T()) 4.6)

(see Figure 4.1)

Iy = {T()} X (T(),ZT())U(T(),CIT—T()) X {T()},

e 23Ty 1)’ ift <a, (a,1) €G,
pla,t,x)= 3
e~ 2@ Ty —a)’, ifa<t, (a,1) €G,
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Dp+up—kAp =m(x)m(a,t)u(a,t,x), (a,t,x)e€ Qarp,

op =0 (a,t,x) € X

v — Y% a,l,x 2Ty

p@0,t,x) =b(t,x), (t,x) € (0,2T)) x 2,
p(a,0,x) = po(a,x), (a,x) € (0,a1)xQ.  (47)

Here m is the characteristic function of G.

t
T
2Ty (Ty,2Tp)
(To, To) (a1, Tp)
To (a4, Tp)
0 To aj ay a

Figure 4.1. Case where Ty = ag.

Denote by W, (u) the value of the cost function in u. Since the cost function
W, : LZ(QZTO) — RT is convex, continuous and

lim W, (1) = 400, (4.8)

”u”LZ(QZTO)_)JFOO

then it follows that there exists at least one minimum point for W, and conse-
quently an optimal pair (u, pe) for (4.5). By standard arguments we have

ug(a,t,x) =m(x)n~1(a,t)qe(a,t,x)fpfl(a,t,x) ae. (a,t,x) € Oy, (4.9)

where ¢ is the solution of

Dqg—ug+kAg =0, (a,t,x) e GxQ,

8_q:0 (a,t,x) e GxIN

v o ’ (4.10)
q(a,t,x) =0, (a,t,x)e(l"\l"o)xQ,

1
qla,t,x)=—-pesla,t,x), (a,t,x)elyxQ.
£

Here I' = (0, Tp) x {2Tp}U{a+} x (0, To) UT'g U (a+ — To, a+) x {1p}.
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Multiplying the first equation in (4.10) by p. and integrating on Q»r,, we
obtain after some calculation (and using (4.7) and (4.9)) that

1
//go(a,t,x)|u5(a,t,x)}zdxdadt—i——/ /|p€(a,t,x)|2dxdl
GJow €JryJQ

To
= —/ /b(t,x)qg(O,t,x)dxdt
0 Q

ay—Ty
—/ / pola,x)qs(a,0,x)dxda.
0 Q

@.11)

Let S be an arbitrary characteristic line of equation

S={y+t,0+0;1€(0,T0)}, (.0) € (0,ar—To) x {0}U{0} x (0, Tp).

(4.12)
Define
u(t,x) =u(y +t,0+t,x), (t,x)e(O, TO)XQ,
pe(t,x) = pe(y +1,0+1,%), (t,x) € (0,To) xR, (4.13)
qe(t»x)ZQS(V+f,9+t7x)a (t7x)€(OvTO)XQs
@) = p(y +1), t € (0, Tp).
(g, pe, ge) satisfies
(ﬁa)t‘FllPNa_kAﬁa = m(x)l:ié‘(tvx)s (tvx) e (07 TO) X Qz
95
Pe _ ), (t, %) € (0, To) x 992,
v (4.14)
b, x), =0
pe(0,x) = _( x) 4 x € Q.
po(y,x), 6=0
This yields
2s0(t,x)
ug(t,x) =m(x)qe(t,x)- (4.15)
’ ’ B3(To—1)°
ae. (t,x) € (0, Ty) x 2,
(és)l+kAéE=l’léj€7 (tsx)e (09 TO)XQ’
96
% —0, (1. x) € (0, Tp) x 92, (4.16)
V

~ 1.
CIS(TO7X)=—EP5(T(),X) XGQ.
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Multiplying the first equation in (4.16) by p, and integrating on D7,, we obtain
that

Tt
/ 0/e*M”x)P(TO—t)3|ae(t,x)|2dxdt+1/ | e (To, x) [*dx
0 Jo eJa

4.17)
= —/ Pe(0,x)g: (0, x)dx.
Q

By Carleman’s inequality (4.3) we infer that

[ [ [0, P 1aal)
3 |§s|2]dxdt

b e
5 gafe
o

Ty
< C1|:/0 /Qe%a ||‘1“20([0,T0])'|‘§s|2dth

2sa 5
2 1Ge | dx dt}

(4.18)

0.T0)xe 3(Ty —1)

and consequently

/To/e2sa|:t(To
0 Q
S3 ~ 12
Vie| + ————5 G| |dxar (4.19)

+ 1(To—1) 3 (Ty—1)

T 3
<o [ |qldxar,
3
0 Jo o 3(Ty—1)

2/3
for s > max(sy, C”“’”C/([O,affTo]))'
Multiplying the first equation in (4.16) by g. we obtain that

33 [laeoas—k [ vaenPar— [ il ofds=o,

_/ G-, 0P dx >0 ae.re(0,Ty).
dt Jo

(4.20)
Integrating the last inequality we get that

2soz(x 1)
/ |Ge (0, x)| dx <c/ / |Ge (2. x)| dx 4.21)
B3 (To—1)°

and by Carleman’s inequality we have

25a(x 1)
/ |2 (0, x)| dx < C/ f |Ge (2, x)| e ———dxdt. (4.22)
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By Young’s inequality (4.16), (4.22), and (4.15) we obtain

/ e—2sat3(T0_t)3|ﬁ£(t,x)|2dxdl‘+l/ | P (To. x)[*dx
(0,Tp) xw e

(4.23)
for s > max(sy, C| M||2c/<3[o,af_ro1>)-
Using now (4.19) we get
To (To—1), .\ 2 ) s )
2sa A V
[ LG v aa Py s va
s z] (4.24)
+ ——— |G| |dxdr :
for any ¢ > 0 and consequently
-2 ~ 2
|5 | w20, T x) = C| p(0) ||L2(Q)’ (4.25)
where ¥ (1, x) = (€% /3(Toy —1)3)Ge, (t,x) € (0, To) x Q. As
W, % ((0, To) x ) < LI((0, To) x ) (4.26)
(where [ = 400 for N = 1,2 and [ = 10 for N = 3), we may infer that
~ 2 ~ 2 ~ 2
H”S”L'O((O,To)xm = [|me ”LIO((O,TO)xQ) < C|pe(0) ||L2(Q)’ 4.27)

for any € > 0 and s > max(sy, C||/,L||%v/(3[0 a*_TO])).

The last estimate and the existence theory of parabolic boundary value prob-
lems in L” (see [8]) imply that on a subsequence we have that

il —> i weakly in L]O((O, To) x Q)

i ~~ o (4.28)
pe — p*  weakly in W;;°((0, To) x ),
where (i1, p*) satisfies (4.14) and
P (To,x) =0 ae.xeQ. (4.29)

By (4.14) we get

a2 - ~ 2
” p" ”LOO((O,TO)xQ) = C(”PS ©) Hiw(g) + ”m“s ||L3((O,To)x§2)) (4.30)
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(we recall that W, (0, To) x ) C L®((0, Tp) x ) for N € {1,2,3}; see
[1, 8]). So by (4.27) we have

2 N 2
| 7" ”LOC((O,TO)XQ) < C|p:0 ||L°°(Q)' 431

For (u, p*) given by (u, p™) on each characteristic line we have that u €
L*(Q7), p* is the solution of (4.7) and p(a,t,x) =0 ae. (a,1,x) € [y x Q.
Moreover,

Ip"| L®(0op) = C| ol L(O.ax2) T 161l o (0.210) x ) - (4.32)

We are now ready to prove our null exact controllability result. For any b € K,
we denote by @ (b) C L2((0,2Ty) x 2) the set of all fOCH B(a)p"(a,t,x)da,such
that u € L2(Q2TO), p" satisfies (4.32) and

pt(a,t,x)=0, ae. (a,t,x)elyxQ. (4.33)

There exists an element in & (b) which does not depend on b:

o If t > Ty then ffﬂ(a)p”(a,t,x)da = 0. This is because f(a) = 0 a.e.
a € (0, Ty) and p“(a, Ty, x)da =0 for a > Ty.

o If t € (0, Tp) then [y B(a)p“(a,t,x)da =/§)*’T"ﬁ(a)p"(a,r,x)da, and
this depends only on pp and not on b.

We also have that p*“(a,2Tp,x) =0 a.e. (a,x) € (0,a;) x 2 and

ay—Ty
f B@p"(@.1.x)da < ClBI0a)- | ol jeoayiy: @434
To

So, for any u as above we can take

bt x) = {O ae. (t,x) € (To, 2To) x 2, 35)

o B@p“(a,t,x)da ae. (t,x) e (0,Tp) x Q

a fixed point of the multivalued function ®. In addition by (4.32) and (4.34) we
have

||pu ” LOC(QZTO) = CHIBO “ Lo((0,a+)x )" (436)

So, if [ poll L ((0.a)x52) is small enough, there exists u € L2(Q270) and p,
the solution of (1.7) satisfies

p(a.2Tp,x) =0 ae. (a,x) € (0,a;) x Q,
_ 4.37)
||P||L°°(Q2TO) < C” Po “LOO((O’aJ’_)XQ) < £0

and in conclusion p(a,t,x) > —pg a.e. (a,t,x) € Q7. On the other hand,
p(a,t,x) does not depend on the control for (a, ¢, x) € (a; — To, ay) x (0,2Tp) x
Q, so

pla,t,x) > —ps(a,x) ae.in Qry,. (4.38)
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Now if we extend this u by 0 outside G x €2, we conclude the null controllability
for (1.7) and the controllability for (1.1).
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