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We establish the existence of positive solutions of some m-point boundary value
problems under weaker assumptions than previously employed. In particular,
we do not require all the parameters occurring in the boundary conditions to be
positive. Our results allow more general behaviour for the nonlinear term than
being either sub- or superlinear.

1. Introduction

Recently, much attention has been paid to the study of certain nonlocal bound-
ary value problems (BVPs), whose study has been motivated by the work of Bit-
sadze and Samarskii [1] and II'in and Moiseev [7].

In particular, existence of solutions for the so-called m-point BVPs

W' () +g)f(u®) =0 (0<t<l) (1.1)

under one of the boundary conditions (BCs)
m—2
W (0)=0, u(l)= Z au(ni), 0<m <M< <fma<l, (1.2a)
i=1

m—2
u(0)=0, u(l)= Z au(n;i), 0<m <M< <fma<l, (1.2b)
i-1

has been thoroughly studied by Gupta et al., see, for example, |3, 4, 5].

The existence of positive solutions has been investigated by other authors. For
example, Ma [11] has studied the second set of boundary conditions when all the
a; are nonnegative and 3, a;7; < 1 under the assumption that f is either sub-
or superlinear.
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More general boundary conditions have been studied by Ma and Castaneda
[12], again when f is either sub- or superlinear.

The special case of the 3-point BVP has been studied in greater detail, one
reason being that the m-point BVP can be reduced to a 3-point BVP when all
the coefficients «; are positive [3, 7]. The existence of a positive solution for
the 3-point version of (1.2b) was established by Ma [10] under the condition
0 <an <1 for f either sub- or superlinear. Under weaker conditions on f, He
and Ge [6] showed the existence of three (and multiple) nonnegative solutions
for the 3-point version of (1.2b) when 0 < a# < 1 while Webb [14] studied the
existence of multiple positive solutions when 0 < « < 1 for (1.2a) and 0 < ay < 1
for (1.2b).

The usual approach has been to write the BVP as an equivalent Hammerstein
integral equation

1
u(t) = L K(t,9)g(s) f (u(s))ds =: Tu(t) (1.3)

and find a solution as a fixed point of the operator T by using the classical theory
of fixed-point index in cones. A different method is employed by Palamides [13],
which also allows f to depend on first-order derivatives and has a more general
boundary condition at 0, namely, au(0) — bu'(0) = 0.

In the present paper, we want to show that requiring all the «; to be non-
negative is much too restrictive, and that positive solutions exist more generally
for both sets of boundary conditions. As in [14], our results allow more general
behaviour on f than being either sub- or superlinear.

In order to keep the calculations at a reasonable level, we concentrate on the
4-point BVPs. We suppose 71, #; are given and we determine in each case nec-
essary conditions on the parameters «;, a, so that the kernel k(,s) = 0 for all
0 < t,s < 1. This determines a region in the («;, a;) plane which is unbounded
and is much larger than the triangle

o >0, o =0, ain +axnr < 1, (1.4)

which has been previously used for the BVP (1.2b).

We then show that if the parameters lie strictly inside these regions, then one
or multiple positive solutions exist under suitable conditions on f. Our method
utilises some known results of Lan [8] for the Hammerstein integral equation.

2. Positive solutions of some Hammerstein integral equations

We begin by recalling some results for the following Hammerstein integral equa-
tion:

1
u(t) = L k(t,9)g(s) f (u(s))ds = Tu(t). (2.1)
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Although it is possible to give more general results (e.g., it is possible to re-
place g(s) f (u(s)) by f(s,u(s)) which satisfies Carathéodory conditions, and we
can treat some discontinuous kernels k), for simplicity in the sequel, we will
make the following assumptions on f, g, and the kernel k:

(C1) k:10,1] x [0,1] — [0, 00) is continuous;

(Cy) f:R — [0, ) is continuous;

(C5) g€ L1(0,1) and g(s) = 0 a.e;

(C4) there exist a measurable function @ : [0,1] — [0, ), a subinterval [a, b]

on which [’ g(s)ds >0, and ¢ € (0,1] such that

k(t,s) < ®(s) fort,se[0,1],

k(t.s) > cd(s) forte [abl, se[01]. (2.2)

This allows us to use the following cone K, of a type due to Guo (see, e.g.,
[2]), which is a subset of the cone P of positive functions:

K={ueC[0,1]:u>=0, min{u(t):a<t<b}=clull} (2.3)

LemMA 2.1 (see [8, 9]). Under the above hypotheses, the map T defined in (2.1)
maps K into K and is compact.

Definition 2.2. We define the following numbers:

m= ( max Jolk(t,s)g(s)ds>_1, M= ( min Jabk(t,s)g(s)ds)_l,

te[0,1] t€la,b]
0 _ fu) 0 _ 1 f(u) o _ 1 f(u)
Fromn e ST, S 09
. fw T ) T i)
Foo= B o+ RIS Se=lmintes

This notation allows us to state the following theorem, a special case of some
results from [8] proved by using the theory of fixed-point index.

TaeOREM 2.3. If (C1), (Cy), (C3), and (Cy4) hold, then (2.1) has a positive solution
in K if one of the following conditions holds:

(h)) 0< fO<mand M < fo < o0;

(hy) M< fo<coand0< f® <m.
Equation (2.1) has two positive solutions in K if there is p > 0 such that either of
the following conditions holds:

(S1) 0= fO<m, fopp>cM, and 0 < f* < m;

(S2) M < fo < 00, fO <m, and M < fo, < 0.

Under the hypothesis (S), there are in fact 3 nonnegative solutions, but the
third may be 0. This result is similar to the result of [6], but the constant m here
is better (larger) than the constant used in [6].
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3. Positive solutions of the 4-point BVP (1.2a)
We now consider the two 4-point BVPs in detail. We first consider the BVP
u”"(t)+g(t)f(u(t)) =0, a.eonl0,1], (3.1)
with boundary conditions
uW'(0)=0, u(l)=au(n)+au(n). (3.2)

If we write y; = 1 — a; — &, then the solution of u” = —y subject to the BCs
(3.2) is

u(t) = i[
Y1

2

1 m
J (1=35)y(s)ds— L (1 —s)y(s)ds — “2J

0 0

(2 — s)y(s)ds]
- J:(t —s)y(s)ds.
(3.3)

Thus the kernel (Green’s function) is
1
k(t,s) = —(1—5)
Y1

3.4
o M1 —S, SSI’]],_% M2 —S, SS]’]Q,_ t—s, s<t, (3.4)
Y1 |0, s>, Y1 |0, $>1, 0, s>t

For existence of positive solutions of (2.1), the standard assumption made
is that k(t,s) = 0 for all ¢,s. If, for example, k(ty,s) < 0 for s in some interval,
then even the linear problem with a positive right-hand side can have a solution
with u(fy) < 0. Hence we will investigate when k(¢,s) = 0 for all ¢,s. This will
determine a region in the (ay, a;) plane and we will show that if («;, ;) lies in
the interior of this region, then the hypothesis (C,) is also satisfied, and hence
positive solutions for the nonlinear problem can be shown to exist.

The requirement k(t,s) > 0 for all ¢, s needs y; >0, that is, a; + ap < 1 plus
some other conditions which we explore now.

For a given s, t — k(t,s) is a decreasing function of ¢, so we investigate when
k(1,s) = 0 for each s.

Form, <s<1,

k(l,s) = 1-s (-9 = M
4! 1

(I-s). (3.5)
For i <s <y,

k(l,s)z%[((xlﬂxz)(l—s)—ocz(nz—s)]. (3.6)
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2

/ o

o1 (1-n1)+e2(1-n2)=0

x]+or=1

x1+02=0

Figure 3.1. Region where the kernel is positive.
ForO0<s=<ryy,

1
k(1,5)=;[061(1—’71)+0€2(1—’12)]- (3.7)
Thus we need a; +ay =1 —y; 2 0and d; := a; (1 — 1) + a2 (1 — 172) = 0. These
also ensure (o) +a3)(1 —s) —ax(y2 —s) = 0 for i) <s <.
The region of the (a1, &) plane for which k(t,s) = 0 is therefore as shown in
Figure 3.1.

Remark 3.1. We obtain the “region” for the 3-point BVP as the projection on the
line &; = 0, which gives the known condition 0 < « < 1, see [14].

We now show that if («a;,a,) lies in the interior of the region of Figure 3.1
then the kernel satisfies (C,), that is, suitable @, subinterval [a, b], and ¢ exist.

Upper bounds. For each s, the maximum of k(t,s) occurs when t = 0. So we may
take @ (s) = k(0, s).
Hence we have

—(1—y3), <s<l,
YI( s) N2 <s
1
D(s) = ;(l—s—txz(nz—S)), Mm<s<m, (3.8)
1

" (= (1-a1—a)s), 0<s=<mn,
1
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where d; ;=1 — %1 — ap1 and dy > 1 — a5 — ap > 0 inside the region where
k=>0.

Lower bounds on [a,b]. We take [a,b] = [0,7;]. The minimum of k(t,s) for
s fixed is k(7;,s). Hence we want to determine ¢ as large as possible so that
k(m,s) = cD(s).

Form, <s<1,

1
k(ni,s) = —(1—5s). (3.9)
Y1
For 1 <s <,
1
k(m,s) = ;[1 —s—(n2—3s)]. (3.10)
For 0 <s <y, letting
dy:i=1-m—a(mp—m)=di+(1-m)y >0, (3.11)
we have
1 1
k(n,s) = —[1=m —a(n—m)] = —ds. (3.12)
2! Y1

S0, kin = c®(s) for t € [a, b] if

l(Il_gZCi[dz—(1—061—0(2)5] (313)
Y1 Y1
for 0 <s < ny. Thus ¢ = ds/d,.
The constants m, M from Definition 2.2 can be calculated for an explicitly
given g. We give the results for the special case g(s) = 1 as follows:

— = maxj k(tsds—J k(0, s)dS— (1—041771—0(2172)

te(0,1]

M = rg[})lr?,]f k(t,s)ds = J k(n1,s) (3.14)

1 1
=—m(l-m- —-m)) = —mds.
" 711( M az(l’]z 771)) " nias

This gives the following result.

THEOREM 3.2. Let g(s) = 1, ¢ = ds/d,, and let m, M be as given in (3.14). Then,
for (a1, ) in the interior of the region of Figure 3.1, the BVP (3.1), (3.2) has at
least one positive solution if either (hy) or (hy) of Theorem 2.3 holds, and has two
positive solutions if there is p > 0 such that either (S)) or (S,) of Theorem 2.3 holds.
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4. Positive solutions of the 4-point BVP (1.2b)
We now study the BVP

u’(t)+g(t) f(u(t)) =0 aeon0,1],

with boundary conditions

u(0) =0, u(1) = aqu(m) + aau(na).

For the BCs (4.2), if we set y = 1 — a1 — aaj2 >0, the kernel is

k(ts) = L(1—s)
y

Y 10 s>m Y |0, s>m
We will show that k(,s) = 0 forall £,s if 0 <y < 1 and
d11:061(1—1’]1)+0(2(1—1’]2)20.

Fors>mn,and t <s,
1
k(t,s) = ;t(l —5)=>0.

Fors>#,and t >,

k(t,s) = %[t(l—s)—y(t—s)] - %[t(l =9t ys]

and k(t,s) > 0 since k(s,s) and k(1,s) are both positive.
Forn <s<mandt<s,

_mt{m—& Sﬁm_azt{m—& <

%

t—s,
O)

s<t,

s> 1.

k(t,s) = %[t(l —s)—mt(n—s)] = 5[1 —s—m(n—s)]

Now

l1=s—a(n—s)=zmin{l —m,1-m—a(n—m)}

where

dy:=1-m—a(p—m)=y(1—-m)+dim=0.

1053

(4.6)

(4.9)

Note that ds = ds, but we have different hypotheses from the previous BC, so the

positivity of ds has to be shown. Then we have

k(t,s) = —min {1 —np,ds} > 0.

!
Y

(4.10)
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For 71 <s <, and t > s, the minimum occurs either when ¢ = s or when ¢ = 1,
)

k(t,s) = min{%s[l —s—a(m —s)],i[(l -1 =35)—a(n —s)]}. (4.11)

Here
s[(1=s)—ax(2—s)] = min {2(1 = 12), mds} = 0, 1)
(1=9)(1=s)—ax(n2—s) =min{(1 —y)(1—n2),d1} = 0. '

ForO<s< andt<s,
1
k(t,s)z;t[y—s(l—ocl—ocz)] >0 (4.13)
sincey—mi(l—og —az) =dy = 0.
For0 <s < and t = s, the minimum occurs either when t = sor when t = 1,

and we have

k(1,s) = i[ys—s(l —a—m)] = is(dl) >0,

| (4.14)
k(s,s) = ;[ys—sz(l —a—a)] =0
since it is equal to 0 when s = 0, and when s = 73,
m 1
k(m,m)=?[y—r11(1—(x1—ocz)]=;d4 > 0. (4.15)

The region of the (a1, ;) plane for which k(t,s) = 0 is therefore as shown in
Figure 4.1, which is clearly much larger than the triangle in the first quadrant
which is essentially the region previously used by other authors.

Remark 4.1. Projecting onto the line a; = 0 gives the “region” for the 3-point
BVP,0<an<1.

We now determine ® and show that we may take [a,b] = [#2,1].

Upper bounds. Since k(0,s) = 0 and ¢ — k(t,s) is linear, with a jump in the gra-
dient at t = s, the maximum occurs either when t = s or when ¢ = 1.
Fors>mn,and t <s,

k(ts) = %t(l _g<iTs (4.16)

Fors>#n,and t >,

k(t,s) = ;[t(l —)—plt—9)] = %t[(l —y)—s] s (4.17)
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2

Tl\o[::lﬁaznzﬂ

x]

o1 (1-n1)+o2 (1-n2)=0

xn1+een2=0 <

Figure 4.1. Region for positive kernel.

Here k(s,s) = (1/y)s(1 —s) < (1/y)(1 —s) and

1=V g8
y y
Forni <s<m;,
k(s,s) = ;[1 —s—a(n—s)],
k(1s) = %[(1 —s) - (g —s)]+s
_ %[(1 (1 =5) - (g —s)].

For 0 < s < 7, the maximum is either
s
k(s,s) = ;[y— (1—a1 —ay)s]
or

k(l,s) = is[y— (1-—a;—ay)] = =sdi.

1055

(4.18)

(4.19)

(4.20)

(4.21)
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Hence we can take ®(s) as follows:

1

—(1-y3), ,<s<1,
y n
1
;(1—3—0(2(1’]2—5)), nm<s<mn,
D(s) = - 1
;s(y— (1-a1—ay)s), O<s<m,m+m <1,
1
;s(m(l—m)+(x2(1—112)), 0<s<n, aj+ay>1.

(4.22)

Lower bounds on [a,b] = [1,,1]. For the subinterval [a, b], we must have a >0,
and, guided by our knowledge of the 3-point BVP, we choose [a,b] = [#2,1].

Fors>mn,and 1, <t<s,
1 1
k(t,s) = =t(1—s) = —m(l—s).
4 Y
Fors>#n,and t > s,

k(t,s) = %[t(l —y—s)+ys],

and the minimum occurs either at t = s or at t = 1 as follows:

k59 = [s(1-y =9+
= %s(l —5) > %112(1 —-s),
k(1s) = 22 (1),
y

Hence, kmin = ¢®(s) for s > 1, if
c<min{m,1 -y}

Form, = s>m and t € [, 1],

K(t,s) = %[t(l—w—az(m—s) —y]+s,

(4.23)

(4.24)

(4.25)

(4.26)

(1 1
Kmin =mln{;nz(l —s—a(n2—s)) —112+S,;(1—5—oc2(112 —5)) - 1+5}.

We want kpin > c®(s), where

1
D(s) = ;(1—5—062(712—5)) for 1 <s < .

(4.27)

(4.28)
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This requires

1D(s) =12 +s = cD(s), (4.29)
D(s) — 145 = cD(s). (4.30)

Condition (4.29) needs
m—s<(n—c)®(s) forny <s<n. (4.31)

This is satisfied if ¢ < #, and

d
=1 < (12— )@ (m) = (2~ c)f- (4.32)
Note that we must have
7 — (2=m)y _, (4.33)
dy
for ¢ to exist. In fact, using (4.9), we have
(m2—m)y (2—m) _m(1—1n)
- > - = > 0. 4.34
M2 4, M= " = (4.34)
Hence we want
c<m— (112_7’71))/ (4.35)
dy
Condition (4.30) needs
1-s<(1-¢c)O(s) formy <s=<mn,. (4.36)
When s = 15, (4.36) is
1 —
- <(1- c)%, (4.37)
so ¢ < 1 — y suffices.
When s = 1, (4.36) is
l-m < (l—c)é. (4.38)
Y
Since m1d; + (1 — 11)y = d4 from (4.9), this yields
c<y o Ummly (4.39)

di Mdy
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For0 <s< and t > 73,

k(t,s) = %t((xl +oay—1)s+s.

(4.40)

If a; +a, > 1, then k(t, s) is increasing in ¢, so the minimum is at ¢ = #, as follows:

1 1
kmin = ;[772(061+062— 1)5+Y5] = ;(1 —712+061(712—f71))5-

In order that kyj, > c®(s), we need

(1-m+a(n2—m))
d; ’

c=<

Note that
l—-m+am—anm=y+ma+a—1)>y>0

since this is the case a; + a, > 1. Hence, for this case, we can take

)4

c< .
d

When o) + a; < 1, k(t,s) is decreasing in £, so
k 1[(oc +ay;—1)s+ys] *d
min = 1 2~ = —daj.
Y Y
We want
s 1
—dy > c=s(y—(1—-a1 — a2)s),

hence we want ¢ < d,/d,. The total requirement is therefore

CSmin{l_y’rllj_l’dll’WZ_(ﬂz;—jl)y}.

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

As all the requisite conditions have been now verified, we immediately have the

following theorem.

TueoreM 4.2. Let [a,b] = 12, 1] and suppose that f,,lzg(s)ds > 0. Let ¢ satisfy
(4.47) and let m, M be as in Definition 2.2. Then, for (a,a,) in the interior of
the region of Figure 4.1, the BVP (4.1), (4.2) has at least one positive solution if
either (hy) or (hy) of Theorem 2.3 holds, and has two positive solutions if there is

p >0 such that either (S;) or (S;) of Theorem 2.3 holds.
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In the special case when g(s) = 1, m, M are readily calculated. In fact,

1 1
1 maxJ k(t,)ds
m te[0,1] Jo
1
_ 21— anr? — aon?) — v
tlél[g,)l(] 2)/[ (1 —oni —amz) — yt’]
1

2
= 872(1 —aini —on3)’
1 1 (4.48)
— = min k(t,s)ds
M telpal )y, (:5)

.1 2 2
= min g[t(l —m)’ = y(t—n)’]

2
. 1-
=min{n, 1 - y}(z—i’lz)

Y

Conclusion. It is possible to extend our methods to deal with 5,6, ...-point BVPs,
but we feel this would be only worthwhile if required by an explicit application.
Our aim is to show that the “obvious” extension of the condition of the 3-point
BVP that requires positivity of the coefficients «; is far from optimal.
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