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A generalized three-dimensional computational numerical code is developed for Monolithic Microwave Integrated
Circuit (MMIC) structures based on a full wave approach using integral equation techniques. The electromagnetic
properties of the MMIC structures are calculated using a Method of Moments — Galerkin technique based on
integral equations and the relevant Green function to obtain a rigorous formulation. The MMIC structures are
assumed to have an arbitrary geometry involving orthogonal parallelepiped ‘cells’, each one of which is
characterized with finite permittivity and conductivity values. A novel approach is proposed to treat the incident:
reflected and transmitted waves at the two microstrip lines, which stand as input and output of the circuit. Their
current distribution is also being taken into account in terms of incident, reflected and transferred waves. The
derived matrix is being inverted and the obtained results are the unknown coefficients of the plane waves inside
the ’cells’ and also the reflection R and transfer 7 coefficients. The derived numerical results concern linear
cases, while the examination of non-linear structures have been taken into account in the analytical formulation.
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INTRODUCTION

The continuous applications of microwave and millimeter-wave integrated circuits in micro-
strip and packaging technology have resulted to an emerging research interest about the ana-
lysis of layered electromagnetic structures. Following this fact, the development of CAD
tools for microwave structures based on accurate numerical techniques is imposed. The tradi-
tional circuit theory based on lumped or even distributed parameter element modeling seems
to be inadequate for modern applications especially at frequencies exceeding 30 GHz [1-3].
Thus, as a main problem arise the calculation of the effects related to both the dielectric and
conducting parts of three dimension geometries.

At the present work a general computation algorithm to treat three-dimensional integrated
circuit structures is proposed. The MMIC structures under consideration are assumed to be in
their most general form. In other words, they are three dimensional, finite at size and are
characterized with finite permittivity and conductivity values. This geometrical approach is
the one that expresses in the most possible way the MMIC structural form often met in prac-
tice. Thus, the MMIC structures are assumed to have an arbitrary geometry involving
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orthogonal parallelepiped “cells”, each of this is characterized with finite permittivity and
conductivity values as stated above. In order for this approach to be applied properly and
in such a way that most “physical” structures are encountered, a reference structure is
shown in Figure 1 representing the most general form.

A detailed inspection of the geometry is given in the following. As it is seen from Figure 1,
is assumed that the whole structure is placed over a two-layer substrate. This would resemble
the GaAs and SiAl layers, which are the most used substrates in popular libraries (such as the
GEC-Marconi library supported by Libra Touchstone HP-Eesof). The substrate layers are
characterized also with finite permittivity and conductivity values which can be expressed
as the complex relative permittivities &,,; and &,5. This two-layer substrate is grounded on
the bottom side where the system of x-y-z coordinates originates. Following this, the z =0
plane is the ground plane while at the z = D = d| 4 d, plane the orthogonal parallelepiped
cells are placed forming the MMIC structures.

The medium above the two layered substrate (that is, above z = D plane) and outside of the
circuit structure is taken to be free space characterized with the free space permittivity
g0 = (1077 /(36m)) (F /m) and magnetic permeability u = py = 47 x 10~7(H/m). The mag-
netic permeability y, also characterizes the whole space; all structures and layers are assumed
to have the same f,.

Above the double layer substrate, a circuit structure consisting of orthogonal parallelepiped
brick shape cells with various dimensions and properties is present, forming the geometry
under consideration. The electromagnetic properties of each unit cell are characterized by
finite values of permittivity and conductivity, or in other words, by the homogeneous complex
relative permittivity value ¢,, = ¢,, — j(0;/weo) (¢, and o; being the real permittivity and con-
ductivity value). The specific cell is denoted by the cell index i, while  is the angular radia-
tion frequency and ¢ is the free space permittivity as above. Furthermore, the center of
gravity of the ith cell is given by (x}, i, z5). As it is known the propagation constant in a med-
ium with such electromagnetics properties is given by

k= o fo (1-7.2) 1)

weq

or k = w./eolty - v & - (1 +jtand), tano given by tand = -7

weéy

PO

Output Transmission
Line WG2

Input Transmission
Line WG

=d=dl+d2

FIGURE 1 General circuit structure
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As shown from Figure 1 the whole structure is driven by two microstrip lines which act as input
and output of the circuit, assumed to be half-infinite in length, while their current distribution is
being taken into account in terms of incident, reflected and transferred waves. Each strip over
the grounded two layered substrate consists of infinite conductivity due to the perfect conduc-
tor assumption. Thus, the assumption includes diminishingly thin strips where the current sur-
face density substitutes the electric field (which is zero inside the strip). In the whole analysis
that follows, an e’ time dependence is assumed for all field quantities.

FORMULATION

In order to define the unknown electric field and thus to characterize exactly all the electro-
magnetic properties of the above structure an integral equation approach is implemented.
Starting from the Maxwell equations applied in the specific geometry of the orthogonal
parallelopiped cells, the mathematical formulation of the electromagnetic field in an integral
form is derived in the Po space where the cells represent structure’s sources of excitation.
Using the Maxwell equations, the well-known Helmholtz equation is derived

V2E(F) + K E(F) = jou,J(F) (2)

where J(7) is the current distribution. The above equation is valid in every different volume
with specific electromagnetic characteristics under consideration, respectively. The boundary
conditions along with the degradation of the radiated waves must be applied and the cells are
considered as perturbation of the Po’s space dielectric constant. Thus

VxH(F) — joeoE(F) = jo(e(F) — &)E(7) (€)
where an equivalent current distribution J°(7) can be extracted which satisfying the
T 7) = joe(F) — e0)EF) = jor,deFEF) “)

By that way, the perturbations Je,.(7) in the dielectric constant ¢y due to the orthogonal cells
correspond to an equivalent current source J°(7) with bias current characteristics and depen-
dent from the stimulated unknown electric field E(7) inside the cells. The solution of the
above equations is very well treated in bibliography [4, 5] ending to an integral equation
based on the dyadic Green function for the electric field

B7) = ~jon, | | [86.7)-3°)ar@) 5)

14

which can be written also as

E() = 2 J J J G, 7) - 06, (F)EF) AV (7) (6)

14

where E}(Fj) is the unknown electric field calculated at the observation points and E,-(?lf) is the
electric field created by the field sources. Equation (6) stands as the basic integral equation
for the formulation of the present analysis. Before proceeding further the dyadic Green’s
function must be described.
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Green’s Function

Due to arbitrary circuit’s geometry used, Eq. (6) is a general one and can be applied in all
geometries along with layered structures, since no particular assumption of the placement
of the cells is made. On that basis, a Green function depending on the specific two-layered
structure must be computed. The origin for the computation of layered structures Green
functions can be found in bibliography [6], while for the present analysis the dyadic
Green function has been already derived [7] and is given in the following for the complete-
ness of the analysis.

= 1 o0 - ) J J
G(r, I_’/) = —(27-5)2 J Jg(kx’ ky; z, Z/)e./(kx(x—x )+ (y=y) dk, dky (7)

—00

where

g=g +&" (®)

éseo and ,g:rp ' being the primary and secondary term respectively and 7; is the observation vec-

tor, 7; is the source vector. The above relations can be written as

— él . g Ikeo(z+7) )

épr — éz . plkoz=7) ulz —z)+ §3 G u(z —2) (10)

The terms g,, 2,, g; can be found in their analytical form in [7].
Equation (7) can be written in the following complete form in order to include also the
case where the observation point is within the field source volumes,

I 1 0 = N (—x' o 22 _ _
G(rv r)= WJ Jg(kxv ky; zZ,Z )ej(k‘( )+k (=) dkx dky — k—2(5(r — I"/) (1 1)

—00

in other words, that includes the singularity = 7.

INTEGRAL EQUATION

Following the previous analysis and assuming that the general form of the unknown electric
field [8] is given by

EF) = e(r)e” (12)

(where e(r) denotes the transverse distribution of the electric field in the x-z layer while the
parameter f3 is the propagation constant). The following integral equation is then derived

= K\ L By
(1 +k—%58,jzz) -¢i(r) :£;58njjjdx dy' dz

¢
Vi

00
x (J Jdkx dk, B0k K 2, z/)> &) (13)

—00
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The analysis assumes that each elementary cell and the two input and output transmission
lines can both be considered as observation points and field sources. Therefore, the unknown
electric field calculated in a specific elementary cell, is the sum of the contribution of each
source, including the observation cell itself. By that way the electric field of the j-cell at the
position 7 (observation point) is, in fact, the sum of the contributions of the i-cells (field
sources) at position 7. Due to the fact that the perturbations are generated in the volumes,
which present electrical characteristics different from the free space, it is obvious that, the
total electric field occurs from the sum of the contributions of the fields generated by the
orthogonal parallelepiped cells which “disturb” the space Po.

This equation is applied for the total number N of the cells that is for j=1,2,..., N
where a system of N integral equations is then ensued with unknown coefficients the distri-
butions of the electric fields in the volumes V; of the N cells. The input and output transmis-
sion lines are also assumed as cells (with half infinite dimension along y axis) with e, = 1 as
dielectric permittivity and infinite conductivity since they are perfect conductors [9]. Thus the
derived system includes N + 2 equations providing the electric field in all volumes and
assuming as filed sources the N cells and the input and output transmission lines.

N+2 _
EF@) =k i de,, J J J G, 7)-EF)dV(F)
i=1

i

i=1

N _ _ —
= JJJ k. |:58r,- Z G(F,7) - Ects(F) + G(F, 7) - Jwe1 () + G(F, ) 'jWG2(;'/)i| dv (')
everyvolume -

(14)

where,

Eceus(i_”/) is the field ought to the contribution of the N cells

Jwei(7) is the current distribution from the input transmission line and
Jwea(F) is the current distribution from the output transmission line
since the latter considered as perfect conductors.

Assuming that the incident current wave has a cosine dependence regarding variable x its
form [10] is the following

TN = 3, cos(g)eﬂ‘ﬂy (15)

where J, is the wave amplitude which for the sake of simplicity is assumed to be unity. In
relevance the reflected current is

T=0") = $RJ, cos(”—’f) eI (16)
o
where R is the unknown reflection coefficient and the transmitted current is
TGy = 5T, cos(”—f)e—fﬂy (17)
o

where T is the unknown transmission coefficient respectively.
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From all the above the final integral formulation that describes the circuitry is given by the
following equation

N _ -
B = | [[ K0 Y607 Bant) + 6.7 0770 + R0
i=1

everyvolume

+ G 7)- Tj;ﬂ(r/)] dr @) (18)

Considering the possible positions of the observation vector 7 in the circuitry under consid-
eration the following cases are examined:

Case A where the orthogonal cells are assumed as observation points. From Eq. (18) the
derived new equation is

N _ _
E() = J “ [ksas,,. S G ) - Beasr) + GG 7) - 770 + RIZ0)
i=1

everyvolume

+ G, 7) - TJ;H(r’)] dr @) (19)
which equals to

= kL -
(1 + ;€258V/ZZ> - ¢;(7)

o

k2 N 00 N S , ) .
B “J ﬁZ&n(Jdekxdkye’ OO g ke, yQZ,Z)>-e,~(r)

everyvolume

o0}
+ <J Jdkx dk, /B ODo(k K 2, z’)> (7T 4+ TSH))

—00

+ (J Jdkx dl, /BT K 2, z’)) -jj“(i/)} dv' dy dz/

—00

(20)

Case B where the input transmission line serves as observation volume. Then the derived
equation is the following

N = - = ->7 -
Ewei(7) = J” K206, > G, F) - Eears(t!) + GG, 7) - (J, () + RTZ*(r))
i=1

everyvolume

+ GG, 7) - Tj0>“(r’)i| v 21)
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which results in the following equation due to the fact that the line is perfect conductor

k2 N 00 ) , o
0= J J J [ﬁ Z 0ey, <J J dky dk, /BT OD G Kz, Z’)) -ei(r)
i=1 -

everyvolume

o0
+ (J Jdkx dk, /B C=TRO= NG (K 2, z’)) NGO R )))

X "y
—00

+ (J Jdkx dk, e/ bRk K 2, z’)> ..7;#(;’)] dY'dy dZ  (22)

—00

Case C Respectively to case B when the output transmission line is the observation point

e o e =
0= JJJ ﬁ Z 3¢y, <J Jdkx dk, /=)l (y—y ))é(kx, k)'}; z, Z’)) &)
i=1 —00

everyvolume

o0
+ (J Jdkx dky ej(kx(x—x’)+k;:(y—y’))é(kx’ Kz, z')) . (j;“(,‘»’) + j:“(;'/))

—0Q

o8}
+ (J Jdkx dk, e./'(kx(X—x/)+kv(y—y/))g(kx’ ky/; z, z’)) .J:ﬂ(,‘/ :| &/ dy dZ  (23)

—00

From all the three cases under consideration a system of N + 2 equations is being developed
in the following way: N equations (from the N cells) are produced from case A while the
2 last equations are provided from case B and C respectively.

RESOLVING THE EQUATIONS — GALERKIN TECHNIQUE

In order the system to be solved a Method of Moments — Galerkin technique is being imple-
mented. The method presupposes a selection of entire domain basic functions necessary for
the field description in every element of the circuitry. Using the Galerkin technique the sys-
tem of integral equations is converted to an algebraic linear non-homogenous one [11, 12].
To this end both the unknown electric field and the field created by the sources are expanded
in terms of piecewise basic functions being a superposition of plane waves as

N:

G~ Y Y ComfimP) = Y ZZac,m,,ﬁmn(r) (24)

m=1 n=1 a=x,y,zm=1 n=

where o =x, y, z and ¢}, and c;, are the unknown expansion coefficients.

Thus, the basic functions are given by the following
ifeimn (v _xi ifimn (i ifimn () i
i;cm(x/) — ( xa)’ f;;‘:m(y/) — e/l O yu)’ iim(z/) — ok (z—z2.) (25)
X 0 = el G Yy R gz oy = oK)
J?kl(x) =e ) fjkl(y) =e ) f;'kl(z) =e

Then Eq. (25) becomes

m=1 n=1 \o=x,y,z
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and after the implementation of the Galerkin technique the integral equations of the unknown

electric field as stated in cases A, B and C are converted to the following respectively.

For Case A
/ /
J J J( 55,}22) S E mms
V. m=1 n=1 S=X,y,Z
J
.7 jki j .7 jkl j .7 jkl j .7 jmn j .7 jmn j . jmn j
x Eoe]kv/ (=) k" (y=30) k" (2=20) I (¥=3) IS (¥=15) I (Z_Zé)dxdydz

o v 2 N
= J J J J J J SE, M =) g (=3 gk (=) [;‘_o > 66, G, 7)
4
i=1

Vi everyvolume

L M i i R / LAmn (o i
<3 3 det, | ) gk )
([Z lWlVl)
+ G(F, r)(yJo cos( )e B 43R, cos( )efﬁy>
o of

+ G(r, FWTJ, cos(OC )e fﬁy:| dx' dy’ dZ’ dx dy dz 27)

For Case B

o= [[ [rrE)eraswa [[[ [ E3mben

, i i=1
[ everyvolume

M,

N,
x> a ) o7 ) K <) ki =)
mn
o=X,y,Z

m=1 n=1

+ G(7, r)(yJ cos( )e fﬂy—i—yRJ cos( )e’ﬂy>

+ G(r, V)T, cos(g) L :| dx’'dy' d7/ (28)

For Case C

2 N
0= JJJ}ED cos(%)e_jﬁydxdydz JJJ |:§—0258,1G(?, 7)
i)

everyvolume

i Ni
> Z( > a) g P ) )
mn
- g
+ G(r, r')(yJ COS(oc )e I 4RI, COS(oc )e/ﬁy)

+ (_;(’7’ F/)j;TJo CcOoS (g)e_jﬁy] dx/ dy/ dZ/ (29)
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Reference to the above analysis the initial system of integral equations has been converted to
an equivalent algebraic one whose general formulation [9] is presented by the following
matrix

Fun -+ Fuyy - Funw Higwer  Hiwwet mC1 ] i
k1 e ki e kIN Hjwet Hwet Ci B;
Fyn -+ Fywi - Fynuv Hyuwer Hyuwer cr By
Vwcikn -+ Vwewi -+ Vweiun  Wweiwet  Wweiwer 1; gR
L Pwarnn -+ Pwoai -+ Pwoaun  OQweawer Cweawea 1~ -oT -
(30)

where a submatrix Fj; is being formulated by the expression sGa or in other words by

—Xx =Xy =Xz
F, F, F;
= —yx =44 =74
=|E R R o
=ZX zzy piy 4
Fy Fy Fj

and ¢; the unknown expansion coefficients, R and 7 the reflection and transfer coefficients
respectively. The dimension of the derived matrix is (N + 2) X (Nyor + 2) where

N
Neot = 3x(N1xMy) + (NoxMa) + - - + (NyxMy)) = 3x Y (NxM)) (32)
i=1

ANALYTICAL SOLUTION

Reference to the three cases stated above, each equation contains a number of integrals that
allow of analytical solution, while others and particularly those including the Green func-
tions’ expression can only be solved by numerical computation. In the following, case A
is being considered as an example, in order to show the amount of operations involved
and the way the final system was treated in terms of the analytical and numerical
computation [9].

Rearranging terms in case A equations becomes

N
2 yz 2 h l l imn imn
J J J J J J kZE2 E 0y, E E E sG(r ack, E, e/ =x 0 eM" (Y =)
x) Jyf Jef yiJdz m=1 n=1 a=x,y,z
Jhl(x=x;, AN ,/'kl(yf)*,,) . /kllzfr,,)

Yo ki (] )ejk ejky esz dx’ dy/ dz dx dy dz

J J

5 Z{ Mo N . jmn Nkl PN g jmn ik j
_ 3 & §|E, ek (¥ o/ =) i (7=3) oI5 (¥=3)
“jmn
1 K

J )7
1

J
Xy Jyy Jz
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x] vy z] XK12 (VK12 [ZK12 = /
g iy gk j 2 2 2 S-S ™
x ek (2720 gk (2=2)) _,’_J ‘ J ‘ J ‘ J J J kgéf]rleG(r, r’)yRE(Z) COS(—/)
X{ yi Jzl Jxkn J—oo Jzgn «

1 YE
IBY il =x3) ik (=) K &=20) 4/ qy/ 47/
x /P ol o) /v (Y=Yo) oJKz "dxdydzdxdydz

J

x] (V] (21 (ka2 (+00 [z = / . . ) .
272 2 AT A X iy My K

+J _ J J _ J J J k25¢,,,8G (7, ¥ )PTE? cos <_oc’ )e I ke (x=x0) gy (y=y2)
*

! ylj Z{ Xk21 JYYK21 Y ZK21

M ; Xy (V2 sz XK12 (VK12 [ZK12 2 = >

x e %) 4y’ dy dZ dedy dz = —J v J _ J ‘ J J J k0e, SG(r, ¥ )PE-
x! Jyl Jzl Jxgnn J—oo Jzgn

X cos< ) B @ =) o (=30 G20 Q' 4y d2 de dy dz (33)
o«

Considering the first term of the left hand side

J J J J J J KEs Z‘S&r ZZ 37 GGG, 7))t o ) ) o K =2)

m=1 n=1 a=x,y,z
J

% ejk,é* (=) 6 (v=22) M E=20) de dy dz A dy' d7/ (34)

which corresponds to the assumption of field sources being the cells inside the circuit after
implementing the Galerkin technique.
This expression can be written in the following way

J

(2 )2 Z&hzz Z J J ejkﬂd(x_xa) e ( X)J

Vi N -
J eJk,Jk’(y—yé)ejk;?”’(y’—y;)
y

m=1 n=1 o=xy,z H ,V] 1'
z) (Zh (oo p+oo "
XJ J J J (§58)e/ D) RO g (35)
2z oo J—o

1 1

where from a simple inspection it is obvious that the integrals corresponding to variables x, y
and z can be solved analytically (with some assumptions taken into account for the latter). For
convinience the above equation can be rewritten as

;2 N —+00 B
E,—=» ¢ Og, J J IXnnIY NN IZyy (5g0) dk, dk, 36
O(Zn)z ; imn ,ZZ Z . W IYNNIZyn (580 y (36)

m=1 n=1 o=x,y,z

where the correspondence is self-evident. Thus the ZXyy, /Yyy can be computed analytically
easily. The analytical solution of the IZyy term depends on the relative position of the j cell
(observation point) and i cell (field sources) towards z-axis. Since dyadic Green function can
be expressed in terms of

é =1 éle—ka(Z-Fz/) + §Zejkm(z—2’)u 7 — )+ §3 e—jkm(z—Z’)u(Z _ z/) | (37)

g, term being the secondary term while g, and g5 terms refer to the primary one.
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Discrete cases should be examined reference to the step function used. For instance if cell j
lies above cell i (as represented in Fig. 2) then

uzZ —2)=0 uiz-2)=1 z>~7.

which results in

22/ Zé - n gk iy igimn () i oot
125 :JJJ,- o Theole=) ik (2=20) g M (2 —za>dzdzj J (52,0) dk, dk, (38)

197 -0

—00

where the first integral term is being solved analytically. Similar results are obtained if cell j
lies beneath i-cell while in case where the cells repose the same projection in z axis all terms
are taken into account.

Propagation Constant

The propagation constant f§ being complex quantity is given by
B =B, —JB (39)

where f, represents the phase rotation and f; represents the dielectric and ohmic loss
(attenuation) in general [9]. It is also assumed that

ﬂ:ﬁr _jﬁigﬁr’ ﬁi < ﬁr (40)

that is, the imaginary part it is assumed relatively small in comparison to the real one allow-
ing the presumption of a real propagation constant only for the incident wave. In other words,
a justified approximation is taken into account assuming that the incident wave propagation
constant is real since the incident wave is free of losses. In all circumstances the propagation
constant is a datum to the analysis and its value is obtained through a way certified for its
correctness. The numerical value of the propagation constant f is obtained from the charac-
teristics of the microstrip line as they are computed from the Computer Aided Design
Software Libra Touchstone of HP-Eesof.

FIGURE 2 Relevant position of i and j cells
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NUMERICAL SOLUTION — APPLICATIONS AND RESULTS

From the procedure described above it is evident that the same algorithm is pursued in order
to develop the final expressions and therefore to define the formulation of every element of
the final system matrix. It is obvious that for more sophisticated circuits the system becomes
even larger and more complicated. The numerical computation is applied for Green
function’s infinite integrals where a major issue concerning the convergence is encountered.
Simpson method is being used for numerical integration which results to a very large com-
putation time in CPU terms due to the fact that involves double infinite integrals. Regarding
the matrix inversion several methods were implemented in order to ensure the correct results.

As it was mentioned earlier the Method of Moments — Galerkin technique assumes the
field approximation with the superposition of plane waves. By that way, the more plane
waves are used the better field approximation is being made resulting to even more compli-
cated system. On the other hand, some of the formulated expressions involve functions that
oscillate rapidly, which effects the retardation of the convergence. Therefore, the computation
time becomes very large even for elementary applications of simple geometries with several
plane waves superimposed.

This problem has been solved in a satisfactory way with the introduction of Parallel
Processing — High Performance Computing techniques while Multiprocessing machines
were used [13]. By that way a large number of the functions consisting the matrix elements
is being computed simultaneously exploiting the CPU capabilities. Several results [9] that
study different longitudinal discontinuity cases are derived which show the connection
between the field coefficients inside the cells along with R and T coefficients. Specific results
are presented in the following for the structure shown in Figure 3 where the analysis data are
given below:

Frequency of operation: 50 GHz
Substrate Characteristics

Ist layer’s height: d; = 22.7 um 2nd layer’s height: d, = 17.1 um
Ist layer’s dielectric constant: &, = 10 2nd layer’s dielectric constant: &,, = 12.85
Ist layer’s conductivity: o; = 0.00278 2nd layer’s conductivity: g, = 0.00278

Cell
Input Transmission er=9.9 =10 Output Transmission

Line WG Line WG2

FIGURE 3 Application structure
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Complex propagation constant: f = 2755.78 — j18.193

Dimensions of microstrip lines and cells:

Input microstrip line dimensions: /; =30um, /, = 0.5m, . = 5um
Output microstrip line dimensions: /y =30um, /, =0.5m, . = 5um
Dielectric cell dimensions: [, = 30 um, /, = 953 um, [, = 5 um

Electrical Characteristics of the Cell

Dielectric constant: ¢ = 9.9
Conductivity: ¢ = 10

The arrow in Figure 3 represents the direction of the assumed one plane wave in the geo-
metry under consideration (weak approximation). The system matrix involves 25 elements
while the numerical results are given below

o = —1.68 x 107" +1.88 x 107"
chn =198 x 107 +,3.53 x 107
Com=—1.16 x 107" 4 j6.89 x 107

R = 0.768 —j0.553
T=-5028x10"2—;3.61 x 1072

From the above results it is noticed that despite the weak approximation, the y-component of
the electric field as expressed by the coefficients values is the dominant one since the wave
propagates along the y-axis. A leakage occurs along z-axis, which is predictable due to the
capacitance between the transmission lines and the dielectric cell as well as between
the transmission lines, the ground plane and the dielectric substrate layers. Finally, the
x-component is extremely small in comparison to the others since no significant filed is
expected along x-axis.

As a next step varying some of the structure’s characteristics, several results are derived.
For instance, when the cell’s conductivity becomes larger (¢ = 500) the results vary as
follows

e =294 %107 44,67 x 10714

imn
¢l =2.06x107°—;9.65 x 107°
el =251 x1077 —j1.265 x 107’

R = 0.865 — j0.597
T = —0.146 — j4.67 x 1072

From the above results it is shown that the relations between the field components are the same:
the y-component of the electric field is still the larger one while the others are less. For all cases,
the coefficients in general, become less in value, at least two orders of magnitude, in compar-
ison to the previous ones, due to the fact that the cell losses and therefore the field attenuation is
now increased. Similar conclusions are derived for the R and T coefficients, where the latter
is almost 3.5 times larger. That becomes due to the fact that in the second case the electric
field faces less resistance propagating through the cell to the output transmission line.



284 R. MAKRI et al.

NON-LINEAR ANALYSIS

The method described in the previous sections consists of a Generalized Three Dimensional
full wave dynamic solution to analyze MMIC structures. Both the method described and the
results presented refer only to cells with linear characteristics in terms of dielectric permitti-
vity and conductivity. Despite this fact the method described is a general one and with
specific modifications can be applied for non-linear cell mediums without changing vast
the initial assumptions. The analysis for the non-linear case is presented in the following.

A harmonic analysis technique will be introduced in order to solve the non-linear proper-
ties of the circuit. The new issue introduced is the aspect of non-linearity that is confined in a
finite orthogonal parallelopiped region between linear cells. So everything that has been
described in Figure 1 is still valid with the addition that one of the linear blocks can be
viewed as the perturbating non-linear area.

Reference to an excitation consisting of two plane waves at the discrete frequencies w;, @,
the main goal will be to determine the unknown electric field oscillating at the intermediate
frequency (IF) w = w1 — wy(w; > ). In general the unknown electric field inside the 3D
non-linear region could be described with the use of an integral equation as follows:

B ) = E,0.0) +% J J j@(z, ¥\ o) X EC, 0)dV () (41)
14

Where E, (r, ») is the incident electric field and X ', w) = (&,(r', ) — 1) is the complex
suspectibility while G(r, 1, ®) is the Green’s function used [7]. The complex suspectibility
is also connected to the unknown electric field and the charge surface density through the
following relation:

O(r, ) = X(r, ®)E(r, w) (42)

Assuming a weak non-linearity condition the Wiener—Voltera Method could be applied and
the surface charge density could be expressed with the use of a voltera series as:

+00

01 1) = j depi(r (&)

—00

N M
1 . . )
X E E E [ei,nm(f)el(nw' +may)E; + e;nm(l)e—j(nw]+mwz)§1 ]}
n=—N m=—-M

~+00 ~+00 1
] an | et

J -0 —00
N M,
i(niw)+mywy)Eé * —j(niw;+mywy)é
% 2 2 [ei,nlml(E)f?/(l 1+mim)é +ei,n1m1(f)e J(niwy+m2) 1
n my

N, M,
. Z Z[ei'nzmz(z)ej(nzw]+mzwz)§2 + e;‘k.,nzmz (K)e—j(nzwl+mzruz)'fz] + .4 } (43)

ny my

where (i = x, y, z) and w,,, = nw| + mw,. The unknown xi, x3, x3, . . ., x,, functions are con-
nected to the permittivity ¢,. In the previous equation the unknown electric field E;, has been
expressed as a sum of plane waves. The values of N, M will be set according to the number of
harmonics needed for the most accurate expression of the unknown electric field.
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Equation (43) in the frequency domain becomes:

5 1 N M
Qi(lv (D) =2n E ; ;[5(60 - wnm)ei,nm(K)Xl (Ks cOnm) + 5(0) + wnm)eznm(Z)Xl (Kv _wnm)]
N My N, M
22 Z Z Z Z[{enlmlenzmz}é((’) (i, + Onymy VX2 (25 Oy s Onymy)
n ni ny my
+ {enlmlezzmz}é(w - (wnlml - wnzmz))XZ(K, WOnymy s _wnzmz){e:lmlenzmz}
X (@ = (=W, + Oy, NX2 (T3 =Dy my s Oymy) + {ezlmlezzmz}
1
X 5((1) - (_wnlml - wnzmz))XZ(L —Wnymy » wnzmz) + = 23 + - ]} (44)
where

_nlml(r) _nzmz(r) =€ shimy (r)el nzmz(r) nlmlenzmzx + e;‘l)lml nzmzy + enlml nzmz2

= {enlmlenzmz} (45)

Equation (44) is the final form of the charge surface density in the frequency field.
Transferring the unknown electric field and the incident one in the frequency domain and
using Eq. (42) and Eq. (41) becomes:

N M
n ZN ZM[e,»,nm@a(w — ) + € (I + )]
=

2
[eo (Do — 1) + e, 02(1)0(w — m2) + cc] + (Z) JJJG(F 7 a))Q(r w)dV (')
4
(46)

Where cc is the complex conjugate and Q(g’, ) is given by (44). The previous equation is
valid for each one of the discrete wy, s, .. ., Wym frequencies. Since the assumption of a
non-linear region has been made, the unknown electric field can be expressed in general
form as follows:

eun(r) = €, (r) + 3¢, (r) (47)

Equation (47) denotes that the unknown electric field is the sum of two terms. The first term
is the contribution of the linear cells to the total solution and the second the contribution of
the non-linear region. The first term has been determined from the linear analysis so our main
interest is the second term &’ (r). Solving Eq. (46) for the intermediate frequency
w = w; — wy, which is the output frequency of the circuit, it is derived:

ei1-1(r) +e_ ()

2
=0+ 2 [ [ar(/iG0. . o1 - oallen 1) + e (N 0 = )
C
4

P
w — o
+(1 2)

2¢2 JJJdV@)E(L v, o1 — m)[Henel JX (', w1, —m2)
14

+Xo(r', —wy, w1))] (48)
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In this equation the excitation term does not exist because there is no incident wave at
w = w; — my. Returning to Eq. (47) for the frequency w = w; — w; stands:

eun(r) = e, (1) + 05, (1) = ey (1) = €, (r) + 0’ () (49)

From the previous equation we may observe that ¢/ |(r) = 0 since there is no excitation at
o = w; — w;, frequency. So the non-linear term becomes:

seil () = 3—2” JdV(K/)((Ul — )’ G(r, 7, w1 — m)l{ernef } X, w1, —2)
V
+ Xo(r', —wa, )] (50)

Equation (50) is an approximation of the accurate solution since we have made the assump-
tion that the non-linear term de’’ (r) does not appear in the linear part of Eq. (48).
Equation (50) is the final form of the non-linear term, which represents the unknown electric
field inside the non-linear region. It can be further simplified if we take into consideration the
observation made from the numerical results of the linear analysis that the y component of the
electric field is the dominant one. So Eq. (50) becomes:

3,5 = | [ | 07 - 025G 0~ an)ilieueinoe . o, ~02)
V
+2X(r, —ws, 01))] (51)

Furthermore since w; ~ w, =~ 50 GHz (this is a typical value for the operatlonal frequency
from the linear analysis numerical results) it can be assumed that w; — m; nTe 0. Thus
calculating the non-linear term results in calculating the following limit:

A . 2 7 AT / ~ %k / /
el (r)p = lim = dV(HQG(r, v, Ql(efped) )Xo, w1, —w2) + X, —w2, »1))]
Q02
’
(52)

with Q = w1 — wy.

At this point, the unknown function X, must be reviewed. Starting from the charge surface
density Q, in the non-linear region it can be assumed that this region is a square law device.
Thus the charge would be described by the following function:

Oy(r, 1) = kE2 (53)

where k is an unknown coefficient. Using the expression of Eq. (53) and rewriting the charge
O, in a way similar to Eq. (43):

—+00 —+00
O,(r, r)zkEisz_ dn J dnd(t — 1)3(t — 0)Ey(r. 1)E(r. 12) (54)

o0
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the final expression for X, is then denoted:
Xo(r, o1, 0m) =k (55)
Substituting Eq. (55) into Eq. (52) the following expression can be derived:

4k

e w5 =" | | |45 tim 507G o Qiteiseis (56)
Vv

Using the analytical expression of Green’s function from [7] the limit of (56) can be calcu-
lated in the following:

2
e o2 Lo e €0 Ly (1t
Jim (@756 ) = lim Gy, + Goeel) = 1~ 5 [(Ir — ,,/|) <|,, — r//|>} (57)

Where v’ =+ — 27z
Using the expression of (57), Eq. (56) finally becomes:

k O 1 1
de|_1y=—— _ _ y yE /
- n@yZJJJ<|r_V/| |r_r//|)(610601)dV(K) (58)

Vv

Equation (58) is a very simple final expression providing the unknown electrical field of the
IF frequency. This solution is connected to the relevant linear problem through the expres-
sions of the ey(r), ej,(r) functions. Actually e,(r) is the solution for the electric field of
the relevant linear problem at the operation frequency ; and e, () is the solution for the
conjugate electric field of the relevant linear problem at frequency w;. Generalizing this
method which has already been presented the electric field of any harmonic w,,, could be
determined provided the relevant linear problems at nw,, mw, frequencies have already
been solved. The only difference will be that the approximation used for
Q(w — wz(ul—M;)ZO) will no longer exist and the final Eq. (24) will also have to include a
double spectral integral of Green’s function. Usually these integrals cannot be solved analy-
tically and numerical methods have to be used. So using [9] the expressions of the e;,(r),
e} (r) functions are the following:

vy ik, (V=) ye o yk =ikl (V=)
€10 = Ciw € ) €01 = Ciw,€ " ¢ (59)

where index i here denotes the observation block in which the electric field of the linear pro-
blem is calculated.

The ¢}, , ¢}, are the unknown coefficients of the electric field which are calculated
numerically in [9] and &' is the relevant propagation constant. Substituting the expressions

of the electric fields from Eq. (59) into Eq. (58) we have:

N i ki oy kO 1 K ki
der 1y = Cl?,}mlcij,)wze Koy =k Ve ——JJJ( )ej(kwl Koy dV(K/)

7 0)? |r — 7|
i i i yvik O 1 j(k! Y
—jkL —kL W ke, =k,
=l Gy T nﬁyz”J(lr - ,,,,|>ej( TN (60)

14
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Calculating the triple volume integral of the non linear region with dimensions L = x, — x*,
LY = y5 —y} and L! =z}, — 2} and the double y derivative, the unknown electric field at the
center of the non linear block region with coordinates (x’, ', z') can be easily determined
with the use of analytical and numerical methods.

CONCLUSIONS

In conclusion, a generalized 3-D global analysis technique is presented to treat MMIC struc-
tures, using integral equation techniques. The use of Galerkin technique allows the analysis
of arbitrary geometries. Numerical results are presented for specific longitudinal discontinui-
ties while several novelties are being implemented including the three dimensional approach,
the finite conductivities and the treatment of the incident, reflective and transmitting waves in
the input and output microstrip lines of the circuitry.
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