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This paper systematically investigates the Lie group analysis method of the time-fractional regularized long-wave (RLW) equation
with Riemann-Liouville fractional derivative. The vector fields and similarity reductions of the time-fractional (RLW) equation
are obtained. It is shown that the governing equation can be transformed into a fractional ordinary differential equation with a
new independent variable, where the fractional derivatives are in Erdeélyi-Kober sense. Furthermore, the explicit analytic solutions
of the time-fractional (RLW) equation are obtained using the power series expansion method. Finally, some graphical features

were presented to give a visual interpretation of the solutions.

1. Introduction

In recent decades, fractional differential equations have been
used to describe several natural phenomena in applied sciences
such as fluid flow, chemistry, physics, biology, and other areas
[1-5], for modeling different phenomena which may depend on
the previous time as well as the current time. Besides, fractional
differential equations can be considered more efficient to in-
vestigate the process of scientific phenomena with complex
irregular conditions, see, for example, [6-11]. Therefore, a large
number of powerful methods have been developed to look for
exact and numerical solutions such us the variational iteration
method [12], transformation method [13], finite-difference
method [14], Exp-function method [15], homotopy analysis
method [16], Adomian decomposition method [17], the first
integral method [18], and sine-cosine method [19].

Lie symmetry analysis was advocated by the Norwegian
mathematician Sophis Lie (1842-1899) in the beginning of the
nineteenth century, which is one of the most powerful methods
for studying nonlinear partial differential equations and looking
for its analytical solutions. It has several applications including
linearization of some nonlinear equations, construction of new
solutions from trivial ones, construction of integrator factor,
reduction of order, and reduction of the independent variables.

Gazizov et al. [20, 21] are the first who started rigorous studies of
symmetries admitted by fractional differential equations fo-
cusing on Riemann-Liouville and Caputo derivatives. In [22],
Wang and Xu investigated the symmetry properties of the time-
fractional KDV equation (see also [23]). It is worth to mention
that Yusuf [24] analyzed the equation for fluid flow in porous
media using the Lie symmetry method and invariant subspace
method for constructing exact solutions and conservation laws
of the equation. In addition, the authors of [25] have made an
attempt to apply the Lie group method to the time-fractional
generalized Burgers and Korteweg de Vries equations. In [26],
authors have investigated the Lie symmetry analysis of time-
fractional Harry-Dym equation with Riemann-Liouville de-
rivative to obtain invariant solutions and symmetry reductions.
Moreover, the interested reader can be also referred to the
following papers and books [22, 25, 27-32].

In this paper, we investigate the time-fractional regu-
larized long-wave equation given by

a
Df‘u+ux—5uux—buxxt =0, (1)

where Df is the fractional derivative of order 0 <a <1 and a
and b are arbitrary constants.
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The regularized long-wave (RLW) equation was first
introduced by Peregrine [33] to describe the development of
an undular bore. It is one of the most important nonlinear
evolution equations which have been used to model many
physical phenomena such as shallow water waves and ion-
acoustic plasma waves. Many researchers have tried in the
past to construct solution of the nonlinear regularized long-
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where I' (z) is the Gamma function defined by
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The main purpose of this paper is to investigate the
symmetry approach for determining the Lie point sym-
metries and symmetry reductions of the time-fractional
regularized long-wave equation (RLW). Then, we have
shown that the time fractional (RLW) can be transformed
into an ordinary differential equation of fractional order
with Erdelyi-Kober fractional differential derivative.
Using the power series method [39], the exact solutions of
the time-fractional (RLW) equation are derived.

The remainder of this paper is organized as follows: in
Section 2, the general procedure of the Lie symmetry
method for fractional partial differential equations
(FPDEs) is presented. By employing the proposed
method, Lie point symmetries of equation (1) are ob-
tained in Section 3. In Section 4, by using similarity
variables, the reduced equations are obtained, solving
some of them, and then the similarity solutions of
equation (1) are deduced. Section 5 is devoted to con-
structing the explicit analytical power series solutions.
Some graphical features for the obtained solutions are
presented in Section 6. Finally, a brief conclusion is given
in Section 7.

2. The General Procedure of Lie Symmetry
Analysis Method for FNPDE

In this section, we present brief details of Lie symmetry
analysis for fractional partial differential equations (FPDEs)
of the form
Diu=F (%, t, 0ty Uy, Uy, Uy Uy )y >0, (4)
We assume that equation (4) is invariant under a one
parameter ¢ continuous transformations and the con-

struction of the symmetry group is equivalent to the de-
termination of its infinitesimal transformations:
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wave (RLW) equation [34-36]. Especially, fractional version
of this model has been studied (see [37, 38]).

We would like to mention that there is no unique
definition of fractional derivatives [5, 11]; in this paper, we
use the Riemann-Liouville fractional derivative of order «
(a>0) which is defined by

(2)
)"y, x)dr,m—1<a<mm e N,
X=x+e&&(x, t,u)+ 0(82),
T=t+er(x,t,u)+ 0(82),
u=u+en(xt,u)+ 0(82),
D{@i = Dfu + enf, (x, t,u) + 0(€%),
(5)
ou ou )
g=a+sn (x,t,u)+0(s ),
’u  ou

i Tt PEW )

i

where e<<1 is a group parameter and &, #, and 7 are the
infinitesimals of transformations for the dependent and
independent variables, respectively. The explicit expressions
of #x and yxxt are given by

0" =D, () - u,D, (&) —u,D, (1),
n' =D, (1) —u,D; (&) - u,D; (1),
" =D, (nt) - uyD, (§) - u, D, (7), (6)
N = Dy (1) = thoe D (§) = D, (1),

o

where D, and D, are the total derivatives with respect to x
and ¢, respectively, which are defined as
15}

D,:—.+ui_+

Fo
Toox ou

i ij=123., (7)

where u; = 0u/(0x"), uij=82u/ax,-axj, and so on.
The infinitesimal generator X is represented by the
following expression:

0 0 0
= — = = 8
X f(x,t,u)ax+f(x,t,u)at+n(x,t,u)au, (8)

Since the lower limit of integral (2) is fixed, so the
structure of the Riemann-Liouville derivative must be
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invariant under transformations (5). The invariance con-

dition yields
7(x,t,u)l,o = 0. 9)
The a-th extended infinitesimal related to the Rie-

mann-Liouville fractional time derivative (see [20, 21]) can

be written as follows:
- D} +£Df () - Df () -
+ D} (D, ()u) - D{*' () + D (w),

where the total fractional derivative operator is denoted as
D¢

Here, for making equation (10) more general, the gen-
eralized Leibnitz rule [5] has been presented, which is given
as

X a
Di((f(t)g(t))= Z(H>Df’"(f(t))ng(t), >0,

_ (11)

(L)

Now, by using Leibnitz rule as presented below, we get

where

T(n-a)(-1)"'a

Ir(1-a)f(n+1) (12)

1, = D{ () — aD, (1)Dfu — Z( : )Dt" (E)D*"u,
n=1
&, o
- ,;( n+1

(13)
)Df (1D ™ (w).

= ((?atﬂ)) (1, oD, () 1)

Theorem 1 (see [23])
A solution u=0 (x, t) is an invariant solution of equation

(4) if and only if

(i) u=0 (x, t) is an invariant surface; in other words,

X0=0o (E(x t, u) +((x tu) — 9 +17(x,t,u)%)

f=0.
(18)

71 (04
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Then, the chain rule for composite function [5] can be
written as

n k k
) < ) o1 3 [ ] AL

k=0r=0

(14)

By applying this rule and the generalized Leibnitz rule
with f (f) = 1, we have

a;»] a u aar]“ N * aaﬂu a-n
D{ (1) = ot fligw ~ U +Zl< ) 5 () + ps
(15)
where
$E55(0)(0)(0 )ty
U= -
n=2m=2k=27r=0 \ n m " k' (tr(n+1-a))
an—m+k’1
cu) m v ) o
( ) at ( )axn mauk
(16)

Therefore, the a-th extended infinitesimal given in (13)
becomes

n=1 n

00 (04
D™ (u) - Z( )D? (ODF™ (uy)-

(17)
(ii) u=0 (x, t) is the solution of FPDE (4).

3. Symmetry Analysis of Time-Fractional
Regularized Long-Wave Equation

We complete this section in the light of references
[20, 21, 25, 29]. We employ the Lie symmetry analysis to
derive the similarity solution for nonlinear time-fractional
equation (1) and to reduce it to be a FODE as shown in the
next sections.
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Let us assume that equation (1) is invariant under one-
parameter transformations (5), and we get the following Ta

1- E1,1)11" - ;r]ux —b™ =0, (20)
transformed equation:

2
such that u=u (x, t) satisfies equation (1).

DG+, — a A, — b, = 0. (19) By sul?stituting t.he expressions 72 given in equations (6)
2 and (17) into equation (20), we get

Using point transformation equations (6) in equation
(19), we obtain the following symmetry determining
equation:

DY (n)+(n,—aD,(7))Dfu—-uD{n,+

00 o
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Uy (1, = T = & = T ) AUy (20, = 27, — &) + Uy, (21, — 48, — 27,,) (21)
+ Uy (M = T )+ Wy (20000 = 2Ty = S ) + Uty (Mg = 28 = Tp)
+ ”i”t (M = 28 = Tr ) — St &y — uigtuu = bty — Sy &,
= Bt th = Ut (28,4 T,) = Uit &y — Ut E = UL T, = 2l T,
=AUy, Ty — AU U U Ty, — u?Tuxx - uxuf (2T + To) — Tuuuxxuf\
= Tyl = 2T Uy Uy = Uy U Ty~
UpUpx Ty — ”i”tt‘fuu = Uy + Uy Ty

_uxxx(fx+ux€u)_uxxt(Tx+uxTu)):0’
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and equating various powers of derivatives of u to zero, we
obtain the following overdetermined system of linear
equations

EM:TMZTX

Euu = Tuu = TXX = ”uu

ut_zfxtzo’
26 +(1-a)7, =0,
DI =0, n=123..,
on I, au B
5 g (175 e B =0
a 3¢ o
a’?x”— D*'(1) =0, neN,
n) ot n+1
el
Su LA S ) =0
(22)

By solving the previous system, we get the following
explicit form of infinitesimals:

C -1
E:_Mx_{_c?’)
a+1
n=Cy(au-2), (23)
2aC
=i c,
a+1

where C,,C,, and C; are arbitrary constants. Then, the Lie
algebra of infinitesimal symmetries of equation (1) is given

by

5}
X, =2 24
' ox (24)
15}
X, =—, 25
275 (25)
ala—1) 0 0 2a 0
_ 9 _n2_ 9 26
X3 a+1 xax+(au 2)8u +1t8t (26)

Then, the infinitesimal generator of equation (1) can be
written as follows:

X =C, X, +C,X, + C;X;. (27)

4. The Similarity Reduction of Fractional
Regularized Long-Wave Equation

In this section, we will use the characteristic equations of
vector fields obtained in equations (24)-(26) for obtaining
the reduction equations.

4.1. Case 1. The characteristic equation for infinitesimal
generator (24) can be expressed symbolically as follows:

de_dr_du (28)
1 0 0

By solving the above characteristic equation, we obtain
the trivial solution.

4.2. Case 2. The characteristic equation for infinitesimal

generator (25) can be expressed symbolically as follows:
de_dr_du (29)
0 1 0

By solving the above characteristic equation, we obtain
the trivial solution.

4.3. Case 3. The characteristic equation for infinitesimal
generator (26) can be expressed as follows:

dx B dt B du
a((l-a)/(a+1)x  ((=2at)/(a+1)) au-2

(30)

By solving the above characteristic equation, we obtain

z = xt 1792 (31)

with the group invariant solution
t((tx+1)/2)(au_2) - f(z) (32)

Hence, we get

u(t, x) = t( (a+1)/2) f(z )+
(33)
=h(z)+ 3’
where h(z) = (1/a)t~ @) £ (z),

By means of this similarity transformation, time-frac-
tional regularized long-wave equation (1) can be reduced to a
nonlinear FODE with a new independent variable z. Thus,
one can get the following theorem.

Theorem 2. Transformation (27) reduces equation (1) to the
following nonlinear ordinary differential equation of frac-
tional order:

(a+1/2) 1

r(l-a 2

£

Ba-1)
(PG f) (&) + 25 —

fl+b=2

fZZ = O’
(34)
with the Erdélyi-Kober fractional operator [11],

n-1

()@= ](ri-feg Je )@, 220650050

Jj=0

(35)

1, N,
:{[06]+ a¢ (36)
a, a €N,

where
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Figure 1: 3D plot of equation (52) with the parameter values ¢, =¢; =1, a=0.5,a=2,and b= 1.

1
T
(K fy(z)=1 (%)

f(z),

which is the Erdélyi-Kober fractional integral operator.

Proof. Let n—1<a<mn, n=1,2,3,.. The Riemann-Liou-
ville fractional derivative becomes

10" [ 1 r (t = sy L)
0

th(z)zaﬁ I'(n-a)

f(xsU?) )]ds.

(38)

[ee]
— J (v- 1)“711/’(”“)f(zv(1/5) )dv, a>0;

(37)

a=0,

Let ds = —1/s*dv. So, equation (38) can be written as

(o)

d'h(z) 19" ltn—((3a+1)/2) 1 jv—(n-am—a/z))

ot" aot" I'(n-a 1
NCUESit f(zv<2/1“>)]dv.
(39)

According to the definition of Erdelyi-Kober fractional
integral operator (29), we have
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u (x,t)

FIGURE 2: 3D plot of equation (52) with the parameter values ¢y =c¢; =1, a=0.75,a=2,and b= 1.

12 =,

u (x,t)

- 0.4

s A
" 0.2

FIGUre 3: 3D plot of equation (52) with the parameter values ¢, =¢; =1, « =0.90, a =2, and b = 1.
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u (x,t)

S 02

FIGURE 4: 3D plot of equation (52) with the parameter values ¢y =¢;, =1, « =0.99,a =2, and b = 1.

Repeating the similar procedure for n—1 times, we

a”h(Z) 1 0" [tn ((Ba+1) /2)(K((1 al2) - a)f) (z)]

5% 29" 2/1-a) obtain
lan_1 O/ n((Bar1)/2) { 1 (1-a/2)n-a)
Taot at(t (K% 1) @) |
(40)
a"h(z) 10" [ (Gar2)-1
" aog!
3a+1) a-1 d —al2)+Ln-a
(-t 2 KGN ()],

2 2

n-1
Ba+1) a-1 d
( 3a+1)/2) I |( +1_ 5 Zdz)(Kgllaliﬂn zxf)(z)
j=0

o e af2
By using equation (29), we have Dyu(x,t) = D/h(2) + D, <;>’

D(z) = S5 V2 (3D ) (), (42) _ Ll 12 pll-3ai2i f)(z)+% o
a (la=1) al(l-a)
According to equation (40), we have (43)
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Consequently, time-fractional regularized long-wave <
equation (1) reduces into an ordinary differential equation f@= z .€"s (45)
for fractional order with new independent variable n=0
(DH-I/Z) (3“
(Pg/asllz) f)(z)+2 m—iffﬁ fzz— - © }
" &)=Y (n+1)c,, &,
nOZOO (46)
The proof of the theorem is complete. O fr(§) = 24) (n+1)(n+2)c,08"
-
5. Explicit Power Series Solution of Time- o . o
Fractional Regularized Long-Wave Equation Substituting (45) and (46) into (44), it yields
In this section, we investigate the exact analytic solutions of
equation (1) via the power series method [39]. Let us assume
that
s Ir(B-a2)+n(a-1)/2) % b(3oc
- = 1 _— 1 2
(Zf)(r((3(1—(x)/2)+(n(n—1)/2)) (ch )(,;)’” nad') * Z(’” Y2l
, £ (@) )
(T(1-a))
(47)
Thus,
< FrB-al3+n(a-1)/2) % 1 S ¢ a b(3a-1) & ”
- = -k+1 —_— 1 2
<,;)(1"(3(1—0c)/2+n(n—1)/2) 2;0;0(” el = ;0(“ )(n+2)ena
- (48)
¢ (@rDr2)
2 B —
(I'(l-a))

Comparing coeflicients in equation (47), when n = 0, we
have

Lol I'((3-al2)) ¢ (@ 12) )
2T Ga-1) 2T TGB(1-0)2) T(1-a)”
(49)
When n>1, we get
B -2
w2 T Ba—1)(n+1)(n+2)
(T((3 = @)/2 + (n(a—1))/2))
' C+m-1)2) " (50)

t((zx+l)/2)

1 n
- -k+1 2———).
2};}(;1 +1)cpC gy + F(l—oc))

Then, explicit solution for equation (44) can be written in
the form:

1 1 r(3-w)/2)
T a5ty G99 TG an)
t((lx+l)/2)
_zl"(l—oc)) b(3(x—1) Z (n+1)(n+2)

y (T(B-a)2)+(n(a-1)/2))
I(GB(l-a)2)+(n(a-1)2))"

t((a+1)/2)

n+2
I'(l-«a) L

1 n
-5 Y(n—k+ 1)y gy +2
Je=

(51)
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Consequently, the exact power series solution for
equation (44) has the following form:

t( (at1)/2) | 1 [

Jt +—xt —
u(xt) = “ ax “ ab(3a-1)
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1 T(B-w2) g (@rDr2) 12 (=300
NGB (1)) T T (1—a)
T(B-a2)+(n(a-1)/2)) 1 Z(n_k+1)ckcn—k+1 (52)

ab(3(x— 1) & Z (n+ 1)(n+2) T(B-w2)+m(a-1)2)" 245

t((tx+1)/2)

2 T(1=a)

]t((n( 1-a )—3tx+1)/2)xn+2.

6. Physical Interpretation of the Power Series
Solution for Equation (52)

In order to have a clear vision of the physical properties of
the power series solution and to help us analyse it, the 3-
dimensional plots for solution equation (52) are plotted in
Figures 1-4 by using suitable parameter values.

7. Conclusion

In this paper, the Lie symmetry method has been success-
fully applied to the time-fractional regularized long-wave
equation with the Riemann-Liouville fractional derivative.
Generally, to find Lie point symmetries for FDEs is not an
obvious task but still an interesting and efficient tool. In our
context, we can obtain Lie point symmetries of the time-
fractional regularized long-wave equation basing on the
systematic method presented by Gazizov et al. [20, 21]. The
obtained nontrivial Lie point symmetries have been used to
derive similarity reductions and to transform the initial
equation into a nonlinear fractional ordinary differential
equation with the well-known Erdelyi-Kober fractional
derivative. With the help of the power series method, the
exact power series solution of the reduced FODE has been
constructed. Some interesting 3-D figures for the obtained
solutions were presented. Furthermore, the exact solutions
obtained in this paper might be of great importance in the
fields of physics and different other branches of physical
sciences present the ability of our technique appear to be
applicable on many various forms of nonlinear partial
differential equations. There are some possible extensions of
this study, e.g., symmetry analysis and conservation laws of
time-space fractional (RLW) equation, which are in progress
and will be discussed in the future work.
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