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Frames play significant role in various areas of science and engineering. In this paper, we introduce the concept of frames for the
set of all adjointable operators from % to % and their generalizations. Moreover, we obtain some new results for generalized

frames in Hilbert modules.

1. Introduction and Preliminaries

The concept of frames in Hilbert spaces has been introduced
by Duffin and Schaeffer [1] in 1952 to study some deep
problems in nonharmonic Fourier series. After the funda-
mental paper [2] by Daubechies et al., frame theory began to
be widely used, particularly in the more specialized context
of wavelet frames and Gabor frames [3].

Traditionally, frames have been used in signal process-
ing, image processing, data compression, and sampling
theory. A discreet frame is a countable family of elements in
a separable Hilbert space which allows for a stable, not
necessarily unique, decomposition of an arbitrary element
into an expansion of the frame elements.

Many generalizations of the concept of frame have been
defined in Hilbert spaces and Hilbert C*-modules [4-9].

This paper generalizes the papers’ G-frames as special
frames [10], Frames and Operator Frames for B(#’) [11],
and Generalized Frames for B(#, %) [12], in framework of
the Hilbert C*-modules.

Let I be a finite or countable index subset of N. In this
section, we briefly recall the definitions and basic properties
of C*-algebra, Hilbert &/-modules, frames in Hilbert
g/-modules, and their generalizations. For information
about frames in Hilbert spaces, we refer to [13]. Our ref-
erences for C*-algebras are [14, 15]. For a C*-algebra &/, if
a € d is positive, we write a > 0, and &/* denotes the closed
cone of positive elements in .

Definition 1 (see [14]). If &/ is a Banach algebra, an invo-
lution is a map a——a* of & into itself such that, for all a and
b in ¢ and all scalar «, the following conditions hold:

1) (@) =a
(2) (ab)" =b*a*
3) (aa+b)" =aa* +b*

Definition 2 (see [14]). A C*-algebra o/ is a Banach algebra
with involution such that

la * all = llal’, (1)

for every a in .

Examples 1

(1) B(Z), the algebra of bounded operators on a Hilbert
space &, is a C* -algebra, where, for each operator A,
A* is the adjoint of A

(2) C(X), the algebra of continuous functions on a
compact space X, is an abelian C*-algebra, where
fr(x):=f(x)

(3) Cy(X), the algebra of continuous functions on a

locally compact space X that vanishes at infinity, is
an abelian C*-algebra, where f*(x):= f(x)
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Definition 3 (see [16]). Let & be a unital C*-algebra and #
be a left o/-module, such that the linear structures of & and
Z are compatible. # is a pre-Hilbert o/-module if 7 is
equipped with an  o/-valued inner  product
(o0 H x H —> o, such thatit is sesquilinear and positive
definite and respects the module action. In other words,

(1) {x,x) =0, forall x € # and {(x,x) = 0, if and only if

x=0

(2) {ax + y,z) =alx,z) + (y,2), for all ae g and
X, y,z €HX

(3) (%, yy =<y, x)", forall x, y € #

For x € #, we define ||x|| = [[{x, x)|| V2. If #Z is com-

plete with |.||, it is called a Hilbert &/-module or a Hilbert
C*-module over /. For every a in C*-algebra ¢/, we have
lal = (a = a)""?, and the &/-valued norm on % is defined by
x| = (x, x) M for x € Z.

Examples 2. Let X be alocally compact Hausdorff space and
Z a Hilbert space, and the Banach space C, (X, #’) of all
continuous 7 -valued functions vanishing at infinity is a
Hilbert C*-module over the C*-algebra C,(X) with inner
product {f, g> (x):= {f (x),g(x)) and module operation
(¢f)(x) =¢(x)f (x), forall ¢ € Cy(X) and f € Cy (X, #).
If {# .} e 1s @ countable set of Hilbert o/-modules, then one
can define their direct sum &% On the &/-module
@ of all sequences x = (xp)ren: Xk € # g such that the
series ) {xy, %)y is norm-convergent in the €*-algebra
o, wekdéfine the inner product by

) = D L Vi ap (2)

keN

for x, y € @ ¥ . Then, &7 is a Hilbert o/-module.
The direct sum of a countable number of copies of a Hilbert
C*-module # is denoted by I*(%).

Let # and # be two Hilbert ¢/-modules, and a map
T: # — F is said to be adjointable if there exists a map
T*: X —> H such that {(Tx,y),=<{x,T"y),, for al
xeX and y e X.

We also reserve the notation End}, (%, %) for the set of
all adjointable operators from % to # and End, (%, &) is
abbreviated to End}, ().

End}, (%, %) is a Hilbert End}, (#)-module with the
inner product (T, S) = TS*, VT, S € B(#, %).

Lemma 1 (see [17]). Let # and K be two Hilbert
A -modules and T € End) (%, K).

(i) If T is injective and T has closed range, then the
adjointable map T*T is invertible and

(T« D) 'L < T+ T<ITIPL,. (3)

(ii) If T is surjective, then the adjointable map TT* is
invertible and

|rT) | "1 < TT < ITP L (4)

Definition 4 (see [18]). We call a sequence
{A; € End}, (#,V,): i € I} a g-frame in Hilbert o/-module
Z with respect to {V;:i eI} if there exist two positive
constants C, D, such that, for all x €

C{x,x) 4 < Z (A%, Nix) g < DX, x) o (5)

iel

where the numbers C and D are called lower and upper
bounds of the g-frame, respectively. If C=D =, the
g-frame is A-tight. If C=D =1, it is called a g-Parseval
frame. If the sum in the middle of (5) is convergent in norm,
the g-frame is called standard.

Definition 5 (see [17]). Let Z be a Hilbert o/-module over a
unital C*-algebra. A family {x;},; of elements of % is a
* -frame for 7, if there exist strictly nonzero elements A, B
in ¢/, such that, for all x € 7,

Alx, xy 4A" < Z o6 %) (%3 %) g S BCG XY 4B (6)

i€l

where the elements A and B are called lower and upper
bounds of the = -frame, respectively. If A =B =1,, the
* -frame is A, -tight. If A = B =1, it is called a normalized
tight * -frame or a Parseval = -frame. If the sum in the
middle of (6) is convergent in norm, the * -frame is called
standard.

Definition 6 (see [19]). We «call a sequence
{A; €End,(#,V,):iel} a =-g-frame in Hilbert
g-module # over a unital C*-algebra with respect to
{V.: i € I} if there exist strictly nonzero elements A, B in &,
such that, for all x € 7%,

AL, x) g AT <Y (Ax, Ax) < BCx, x) BT 7)
i€l
where the elements A and B are called lower and upper
bounds of the = -g-frame, respectively. If A =B =1,, the
* -g-frame is A -tight. If A=B=1, it is called a =-g-
Parseval frame. If the sum in the middle of (7) is convergent
in norm, the * -g-frame is called standard.

Definition 7 (see [20]). Let K €End},(#) and
A; € End}, (#,V)), for all i € I then, {A;},; is said to be a
K-g-frame for # with respect to {V},; if there exist two
constants C, D >0 such that

C{(K#x,K#*x)y< Z Njx, Njx) g < D<x, x) oy Yx € .
iel
(8)
The numbers C and D are called K-g-frame bounds.
Particularly, if

CK*x,Kxx) = Y AN, AX), Vxe. ()

iel

The K-g-frame is C-tight.



International Journal of Mathematics and Mathematical Sciences 3

Definition 8. (see [21]) Let K € End}, (#). A family {x;},;
of elements of 7 is a * -K-frame for 7 if there exist strictly
nonzero elements A and B in &, such that, for all x € 7,

A(K"x,K"x) 4A" < Z (%, %;) %, Xy o < B{x, x) 4y B”,
iel

(10)

where the elements A and B are called lower and upper
bound of the #-K-frame, respectively.

Definition 9 (see [22]). Let K € End;, (#). We call a se-
quence {A; € End (#,%;): i € I} a = -K-g-frame in Hil-
bert o/-module % with respect to {#;: i € I} if there exist
strictly nonzero elements A and B in & such that
ACK %, K" x) y A" < ) (Apx, Ax) y < BCx, x) 4B, Vx € .
i€l

(11)

The numbers A and B are called lower and upper bounds
of the * -K-g-frame, respectively. If

A 6 K*x)A" = Y (N Ax), VX e, (1

iel

The * -K-g-frame is A-tight.

2. Some Results for Generalized Frames in
Hilbert o/-Modules

We begin this section with the following hTeorem.

Theorem 1. Let # be a Hilbert o/-module over a com-
mutative C*-algebra. A family {x;},; of elements of # is a
* -frame for F if and only if there exist strictly positive el-
ements A and B in o, such that, for all x € %,

Alx, x) 4 < z<x,xi>d<xi,x>dSB<x,x>d. (13)

i€l

Proof. Let {x;};.; be a -frame for #; then, there exist
strictly nonzero elements a and b in &, such that, for all
xeH,

alx,xyya" < Z {6, 20 3, ) g b, x) yb". (14)

i€l
By commutativity, we have

aa” (x,x) 4 < Z (3, %, g% XY g SBb™ (6, X) . (15)

i€l
We pose A = aa* and B = bb*; then, A and B are strictly
positive elements in /. Hence,
Alx,x) 4 < Z x, %) g% X oy < B{x, %) 4. (16)
iel
Conversely, let A and B be strictly positive elements in
g/, such that, for all x € %,

Alx, x) 4 < Z o, %) %5 X) g < BLx, %) o, (17)

i€l

where A and B are strictly positive elements in &/; then, there
exist a and b in & such that A = aa* and B = bb*.
So,

aa”{x,x) < z (5, %) %, X o <D™ (6, x) (18)

i€l
By commutativity, we have

alx,xyya" < Z (5, %) % x) o <b{x, x) 4b". (19)

iel

Therefore, {x;},.; is an * -frame for #. O

Corollary 1. A sequence {A; € End,,(#,V):i€l} is a
* -g-frame in Hilbert of-module F over a commutative
C*-algebra with respect to {V;: i € I} if and only if there exist
strictly positive elements A, B in o, such that for all x € Z,

Alx,x) 4 < Z (Nx, Ajx) g < BLx, x) . (20)

iel

Corollary 2. Let K € End.,(%). A family {x;},.; of elements
of Z is a * -K-frame for F if and only if there exist strictly
positive elements A and B in o, such that, for all x € ,

A(K*x,K*x) 4 < Z {6, %) %, XY g < BLx, X) o 1)

iel

Corollary 3. Let KeEnd,(#). A  sequence
{A; € End (H,%)):i€1} is a x-K-g-frame in Hilbert
o -module # over a commutative C*-algebra, with respect to
{7 : i € I} if and only if there exist strictly positive elements A
and B in d, such that, for all x € 7,

ALK %, K*x) 4 < Z(A,-x,Aﬂ}dsB(x,x}M. (22)

iel

For a sequence of Hilbert of-module {%},.;, the space
@, K; is a Hilbert of-module with the inner product

Uxibiep yitier = Z (X Yid ot (23)

i€l

Proposition 1. Let & =&, K ;.

(1) The sequence {A; € End) (%, X;): i € I} is a g-frame
for F with respect to {H;},.; if and only if the se-
quence {K,- € Endy (#, K): i€ I} is a g-frame for #
with  respect to K, with Ax=1(...,0,0,
Ax,0,0,...), Vx € F

(2) The sequence {A; € End)(#, Z,):i€l} is a *-g-
frame for F with respect to {H;},.; if and only if the
sequence {Ki € End, (X, %K) ie I} is a *-g-frame
for F with respect to K, with Ajx=(...,0,0,
Ax,0,0,...), Vx €

(3) For K € End, (%), the sequence
{A; € End)(H, K )i €1} is a K-gframe for H
with respect to {H},.; if and only if the sequence
{& € End,(H,K): i€ I} is a K-g-frame for % with
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respect to K, with Ax=(...,0,0,
Ax,0,0,...), Vx e H
(4) For K € End,, (), the sequence {A; € End,

(#,K;):iellisa x-K-g-frame for I with respect

where the series converges in the strong operator topology.

Example 3. For neN*, let {T;}\.,  End}, (%, %) such
that, foralli = 1,...,n, T;is injective and has a closed range.

to {Hiiq if and only if the se- Then, for all i = 1,...,n, we have
quence {Ai € Endy (H,H): i€ I} isa x-K-g-frame .
for F with respect to K, with Ax = (...,0,0, ” (T;‘Ti)_ln I, <T:T;< ||Ti||21%. (25)
A;x,0,0,...), Vx e Z
So,
3. Frame for End, (7, %) i . .
% —1-1 * 2
We begin this section with the following definition. <le " (T7T3) H >I7f = ;T" Ti< <Z;4 Il >I7f '
Definition 10. A sequence {T; € End}, (%, #): i € 1} is said (26)
to be a frame for End}, (%, %) if there exist 0< A, B< 0o Hence,
such that
ACT,TY < Y (T, T)CT, Ty < (T, T), VT € Endy (%, %),
i€l
(24)
<Z|\ (TfTi)'1”_1>TT* < YTTT,T" < (Z ||Ti||2>TT*, VT € End}, (%, %). (27)
i=1 i=1 i=1
Thus,
n . _1 -1 n n 2
Y|y KTy < Y T <T, T s<z I ><T, T, (28)
i=1 i=1 i=1
for all T € End}, (%, %). So,
This shows that {T,}._, is a frame for End}, (%, %).
—1y-1 2
T i< Y TiT; < T s
Example 4. Let {T;};,.\+ € End}, (%, #) such that, for all <i€z,\;‘* “( T, ” ) " 1.%* e <i§* |7 > "
i € N*, T} is injective and has a closed range and ||T}|| < (1/i). (30)
Then, for all i € N*, we have
11 N 2 Hence,
||t =TT T s (29)
( > (T;‘Ti)_1||_1>TT* < Y TTT,T" < ( Y ||Ti||2>TT*, VT € End’, (7, ). (31)
ieN” ieN” ieN”

Thus,

ieN*

<Z j] (T;‘Ti)"1||1><T, TY< Y (T, TH(T,T) < < Y ||T,.||2><T, Ty, (32)

ieN*

ieN*
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for all T € End}, (#, ).
This shows that {T;},- is a frame for End}, (%, %).

Theorem 2. A sequence {T; € End, (%, X):i€l} is a
frame for End.,(#, %) if and only if it is a g-frame for H
with respect to K.

Proof. Let {T;},.; be a g-frame for # with respect to #.
Then, there exist two positive constants A and B, such
that

Alx, x) 4 < Z (Tix,Tix) y<B{x,x) gy Vx€FH,
iel

SAx XYy < Z (TiTx,x)y<B{x, %)y, Vx€F.
iel

(33)

Al < Y T[T;<Bly. (34)

i€l
Hence,
ATT" < ) TT;T,T* <BIT", VT € End} (%, %).
i€l
(35)
Thus,
AST, Ty < Y (T, T )T, Ty <B(T, T, VT ¢ End}, (%, %),
iel

(36)

ie, {T}}; is a frame for End}, (%, ).

Conversely, assume that {T;},; is a frame for
End’, (%, ).

Then, there exist two positive constants A and B, such

So, that
ACT, Ty < Y (T, THT, TY < BCT, Ty, VT € End), (%, %),
iel
(37)
&ATT" < Y TT{T,T* <BTT", VT € End}, (%, %).
i€l
So,
ACTT" %,x) 4 < Y (TT;TT %, x) y <B{IT x,x) 4, VT € End’, (%, K), ¥Vx € K. (38)
iel
Let y € # and T € End},(#, %) such that T*x = y;
then,
A a< Y AT Ty D a<BD Y Vy e, (39)

iel

ie.,

A g < Y KTy Tiy) g <BGL Y

i€l

Vy € x, (40)
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and thus, {T}},; is a g-frame for # with respect to #. O

Corollary 4. A sequence {T; € End, (%, %): i € I} is a tight
frame for End, (%, K) if and only if it is a tight g-frame for
H with respect to K.

Corollary 5. A sequence {T; € End}(#,*):i€l} is a
Bessel sequence for End), (%, ) if and only if it is a g-Bessel
sequence for F with respect to K.

4. Generalized Frame for End, (#, %)

We begin this section with the following definition.

Definition 11. A sequence {T; € End, (%, #): i € I} is said
to be a generalized frame for End), (%, %) if there exist
strictly positive elements A and B in & such that

ACT, Ty < Y (T, T)CT, TY < BT, Ty, VT € End, (%, %),

i€l

Theorem 3. A sequence {T; € End,(#,%*):i€l} is a
generalized frame for End, (%, %) if and only if it is a * -g-
frame for  with respect to K.

Proof. Let {T;},.; be a x -g-frame for # with respect to #.
Then, there exist strictly positive elements A and B in &,
such that

Alx, x) 4 < Z (Tix,Tix)y<B{x, %)y, Vx€H,

i€l

S A x)y < Z (TiTix,x)y<B{x, %)y, Vx€H.
iel

(42)
So,
Al < ) T;T;<Bly. (43)

iel
Hence,

ATT" < Y TT;T,T* <BIT", VT € End}, (%, %).

(41) iel
. . (44)
where the series converges in the strong operator topology.
In the following, & is a commutative C*-algebra. Thus,
AT, Ty < Y (T, T)(T,, Ty <B(T, Ty, VT € End}, (%, %), (45)

i€l

ie, {T;},; is a generalized frame for End), (#, %).

Conversely, assume that {T'},, is a generalized frame for

Then, there exist strictly positive elements A and B in &,
such that

End’, (%, ).
ACT, TY < Y (T, TT, TY <B(T, Ty, VT € Endly (%, %),
iel (46)
&ATT' < Y TT{T,T* <BTT", VT € End}, (%, %).
i€l
So,
ACTT %,x) < ) (TT;TT" %, x) y <BTT %, %) 4 VT € Endly (7, K), Vx € K. (47)

i€l

Let y € # and T € End},(#,#) such that T*x = y;
then,

A< Y AT Ty, P g<BOL Yy Yy e, (48)

i€l
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ie.,

A g < Y KTy Tiydy<BOL Yy Yy e X, (49)

iel

and thus, {T},.;isa * -g-frame for # with respectto %. O

Corollary 6. A sequence {T; € End,(#,%):i€l} is a
generalized tight frame for End), (%, %) if and only if it is a
tight = -g-frame for # with respect to K.

Corollary 7. A sequence {T; € End,(#,%):i€l} is a
generalized Bessel sequence for Endy (%, Z) if and only if it is
a * -g-Bessel sequence for Z with respect to K.

5. K-Frame for End’, (7%, %)

We begin this section with the following definition.

Definition 12. Let K € End}, (%). A sequence
{T; € End} (%, K):iel} is said to be a K-frame for
End, (%, %) if there exist 0< A, B< oo such that

ASTK, TK) < Y (T, T)(T,, Ty < BT, T), VT € End}, (%, %), (50)

iel

where the series converges in the strong operator topology.

Example 5. For n € N*, let {Tl};zl ¢ End}, (%).
Then, for K = (31, T;‘Ti)z 2 we have

K'K = Zn:Tf‘Ti. (51)
i=1
So,
TKK'T" = iTT;"TiT*. (52)
i=1
Hence,
(TK,TK) = i (T, T;y{T,Ty, VT € End},(#). (53)
i=1

This shows that {T;}l., is a Parseval K-frame for
End’, (%).

Similar to Remark 1 in [22], we have the following.

Remark 1
(1) Every frame for End), (%, %) is a K-frame, for any
K € End’, (%): K#0

(2) If K € End, (%) is a surjective operator, then every

K-frame for End)(#,%) is a frame for
End, (%, %)
Theorem 4. Let K € End,(#) and {T;€ End,

(H,K): i € I} be a frame for End, (¥, K). Then, {T;K*}
is a K-frame for End, (%, K ).

i€l

Proof. Let {T;},.; be a frame for End}, (%, %).
Then, there exist two positive constants A and B, such
that

ACT, TY < Y (T, T, TY <B(T, Ty, VT € Endly (%, K). (54)

iel

Hence,

ACTK, TK)y < ) (TK, T;)<T;, TK) < B(TK,TK), VT € End}, (%, %). (55)

i€l
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Thus,

ASTK, TK)y < Y (T, T,K*)(T;K*, Ty < BIK|*(T, T), VT € End’, (%, %). (56)

i€l

Then, {T;K*},; is a K-frame for End}, (%, %). O  Proof. Let {T;},; be a K-frame for End, (%, ¥).
Then, there exist two positive constants A and B, such
Theorem 5. Let K\,K, € End}, (%) and  that
{T; € End}) (%, X): i € I} be a K,-frame for End, (¥, K).
Then, {T;K*},.; is a K,K,-frame for End, (%, ).

A(TK,, TK,) < ;(1 T (T, TY <B(T,TY, VT € End’,(#,%). (57)
Hence,
A(TK,K |, TK,K ) < ;(TKZ,Ti><T,.,TK2> < B(TK,, TK,),VT € End’, (%, %). (58)
Thus,
ACTKK,, TKGK Y < Y (T, TR YCTiK;, TY < BK,| (T, T), VT € End, (%, %). (59)

iel

Then, {T;K*},, is a K,K,-frame for End, (%, %). O  Theorem 6. A sequence {T; € End,/(#,X):i€l} is a
K-frame for End’, (%, ) if and only if it is a K-g-frame for

Corollary 8. Let K € End;, () and ~ J with respect to K.
{T; € End) (%, X): i € I} be a K-frame for End, (¥, X).
Then, {Ti (K*)N}id is a KN*'-frame for End}y (¥, ). Proof. Let {T}},.; be a K-g-frame for # with respect to %.

Then, there exist two positive constants A and B, such
Proof. It follows from the previous theorem. O  that

A(K*x, K" x) 4 < Z (Tix, Tixy y<B{x,x)y, VYxex,
i€l
S AKK x,x) 4 < Z (TiTix,x)y<B{x, %)y, VYx €.

iel

(60)

ATKK*T* < Y TT;T,T" <BTT", VT € End}, (%, %).
i€l
AKK™ < ) T{T,;<Bl,. (61) (62)
i€l Thus

So,

Hence,

ACTK, TK)y < Y (T, T)(T;, Ty <B(T,T), VT € End}, (%, %), (63)

iel
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ie., {T;}, is a K-frame for End), (%, %).
Conversely, assume that {T;},; is a K-frame for that

Then, there exist two positive constants A and B, such

End (%, %).
A(TK,TK)y < Y (T, T)(T;, Ty <B(T,T), VT € End}, (%, %),
iel
(64)
«ATKK'T* < Y TT;T,T* <BTT", VT € End}, (%, %).
i€l
So,
ACTKKT*x,x) < ) (TT; T;T*x,x) ;< B{TT*x,x),, VT € End}y (%, %), Vx € X. (65)
i€l
Let y e # and T € End},(#, ) such that T*x = y;
then,
AKK" 9,7y 4 < Y AT Ty ) g <B W)y Vy € %, (66)
i€l
ie.,
ARy K 9y g < Y Tp Ty a<B Yy Yy € X, (67)
i€l
and thus, {T},; is a K-g-frame for # withrespectto #. O  Definition ~ 13. Let K € End}, (%). sequence

Corollary 9. A sequence {T; € End, (%, %): i € I} is a tight
K-frame for End’, (#, %) if and only if it is a tight K-g-frame
for I with respect to K.

6. Generalized K-Frame for End’, (#, %)

We begin this section with the following definition.

{T; € End} (#, H): i €I} is said to be a generalized
K-frame for End} (%, %) if there exist strictly positive
elements A and B in & such that

ASTK, TK)y < Y (T, T)(T,, TY <B(T,T), VT € End} (%, %), (68)

i€l
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where the series converges in the strong operator topology.  Proof. Let {T}},.; be an * -K-g-frame for # with respect to
In the following, & is a commutative C*-algebra.

Theorem 7. A sequence {T; € End,(#,%):i€l} is a Then, there exist strictly positive elements A and B in &,
generalized K-frame for End, (%, X) if and only if it is a  such that
* -K-g-frame for # with respect to K.

A(K*x,K*x) 4 < Z (Tix, Tixy y<B{x,x)y, VYxex,

X iel . (69)
& AKK x,x) 4 < Z (T;Tix,x) y<B{x, %)y, Vx €K

iel

ATKK*T* < ) TT;T,T* <BIT*, VT € End} (%, %).

So, iel
AKK™ < ) T{T;<Bl. (70) (71)
iel Thus,
Hence,
ASTK, TK) < Y (T, T)<T;, TY <B(T, Ty, VT € End}, (%, %), (72)
i€l
ie., {T;},; is a generalized K-frame for End’, (%, %). Then, there exist strictly positive elements A and B in

Conversely, assume that {T';},.; is a generalized K-frame  such that
for End), (%, X).

ASTK, TK) < Y (T, T)<T;, T <B(T,TY, VT € End}, (%, %),

iel

& ATKK'T* < Y TT;T,T" <BTT", VT € End, (%, %). 73
i€l
So,
A(TKK T x,x) ; < ; (TT;TT"x,x)y < BTT"x, %), VT € End’, (%, K), Vx € K. (74)
Let y € # and T € End},(#, %) such that T*x = y;
then,
ACKK" y,y) 4 < ;<Tf Ty, ) a<B Yo Yy € X, (75)
ie.,

AK p, K9y < Y AT Tiy) g < B pY s Vy €, (76)

i€l
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and thus, {T},; is a *-K-g-frame for % with respect to #.

Corollary 10. A sequence {T; € End, (¥, %):i €1} is a
generalized tight K-frame for End, (%, ) if and only if it is
a tight *-K-g-frame for 7 with respect to K.
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