Hindawi

International Journal of Mathematics and Mathematical Sciences
Volume 2021, Article ID 5564552, 7 pages
https://doi.org/10.1155/2021/5564552

Research Article

Hindawi

Investigation of the Spectral Properties of a Non-Self-Adjoint

Elliptic Differential Operator

Arezoo Ghaedrahmati® and Ali Sameripour

Mathematics Dept., Lorestan University, Khoramabad, Iran

Correspondence should be addressed to Arezoo Ghaedrahmati; ghaedrahmati.arezoo@yahoo.com
Received 8 February 2021; Accepted 4 May 2021; Published 15 May 2021

Academic Editor: Seppo Hassi

Copyright © 2021 Arezoo Ghaedrahmati and Ali Sameripour. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

Non-self-adjoint operators have many applications, including quantum and heat equations. On the other hand, the study of these
types of operators is more difficult than that of self-adjoint operators. In this paper, our aim is to study the resolvent and the
spectral properties of a class of non-self-adjoint differential operators. So we consider a special non-self-adjoint elliptic differential
operator (Au)(x) acting on Hilbert space and first investigate the spectral properties of space H, = L? (Q)'. Then, as the ap-
plication of this new result, the resolvent of the considered operator in ¢-dimensional space Hilbert H, = L? (Q)¢ is obtained
utilizing some analytic techniques and diagonalizable way.

1. Introduction

Let Q be a bounded domain in R" with smooth boundary
0Q (ie.,0Q € C*). We introduce the weighted Sobolev
space H, = W2 ,(Q)" as the space of complex value func-
tions u (x) deﬁned on () with the finite norm:

i=1

; ul? 12
lul, = <Z Jopzﬁ (x) a—xi‘ddx + Jﬂ|u(x)|éedx> . (D
We denote by IiI the closure of Ccy (Q) in H with
respect to the above norm, i.e., H is the closure of C3° () in
H, =W3 28 (Q)¢. The notion Cy° () stands for the space of
1nﬁn1tely differentiable functlons with compact support in
Q. In this paper, we investigate the spectral properties. In
particular, we estimate the resolvent of a non-self-adjoint
elliptic differential operator of type

- 0
PX

i,j=1 xJ

(Au) (x) = ( # (0 (x)q(x)—u(x)) 2)

acting on Hilbert space H, = L*(Q)" with Dirichlet-type
boundary conditions. Here, p(x) € C'(0,1) is a positive
function that satisfies the following conditions:

cx" (1 - x)f < |p2 (x)| <M,

|(p°)' ()] = Mx 271 (1 ©

x) (B12)- 1+£2,

where «,$>0,¢; =0 if a# land ¢, >0 if « = 1,and ¢, = 0if
B#1land &, >0if B=1, a; (x) = aj ()G, j=1,...,n),
ocij(x) €eC*(Q)(i,j=1,...,n) and the functions a;j (x)
satisty the uniformly elliptic condition, i.e., there exists ¢ >0
such that

2
cls|” < Z ocij(x),

ij=1

55;(s=(s,.-.,5,)) €Cx e Q.

(4)

Furthermore, suppose that g(x) € C?(Q; EndC®) such
that for each x € (Q), the matrix function g (x) has nonzero
simple eigenvalues y 5 (x) € C*(Q) (1< j<?) arranged in the
complex plane in the following way:

Yy (%), ... pp (x) € C\O, (5)

where © = {z € C: |argz| < ¢}, ¢ € (0,7) is a closed angle
with zero vertex (i.e., the eigenvalues y i (x) of g(x) lie on the
complex plane and outside of the closed angle ®@). For a
closed extension of operator A with respect to space H =
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W2 28 (Q)* above, we need to extend its domain to the closed
domain

D(A) = {ueH nWZloc (0,1)° i( ”qa >EH2},
(6)

(Q)e is the functions
W joe () ={u (x):
zizzo .[I [u® (x)|*dx < co,Jisanopensubset of Q}. Here, and in

(see [1, 2]), where the local space W2
xeQ in  this

2,loe

u(x) form

the sequel, the value of the function arg z € (-, 7] and [|A||
denotes the norm of the bounded operator A: H — H.

To get a feeling for the history of the subject under study,
refer to our earlier papers [3-5]. Indeed, this paper was
written in continuing on our earlier papers. This study is
sufficiently more general than our earlier papers; here, we
obtain the resolvent estimate of operator A, which satisfies
the special and general conditions.

2. The Resolvent Estimate of Degenerate Elliptic
Differential Operators on H in Some
Special Cases

Theorem 1. Let A in (2), i.e., assume that operator A is
acting on Hilbert space H=L> (Q) with Dirichlet-type
boundary conditions, and the sector  be defined as in Section
1. Let the complex function q (x) satisfy the following
conditions:

q(x) € C' (),
(7)
q(x) € CO, (Vx € Q),

argfa()a ' ()} <5 (Vxux €@ @®)

Then, for sufficiently large modulus A € @, the inverse
operator (A —AI )~! exists and is continuous in H, and the
following estimates are valid:

[(A=AD"! | < Mgl (A € @, (A > Cy), (9)

H —(A AN < Mg (A € @, 1A > Cy),

(10)

fori=1,...,n,

where My, Cy, >0 are sufficiently large numbers depending
on S (O set is defined in the previous sections). The symbol |||
stands for the norm of a bounded arbitrary operator T in H.

Proof. Here, to establish Theorem 1, we will first prove the
assertion of Theorem 1 together with estimate (9). So, as in
Section 1 for a closed extension of operator A (for more
explanation, see chapter 6 in [3]), we need to extend its
domain to the closed set

D(A):{ueHnWZIOC(OI Z( ,an )eHé,}.

(11)

Let operator A now satisfy (7), (8). Then, there exists a
complex number Z € C (notice that we can take Z=¢”, for a
fix real Y € (-7, 71]) such that |Z = ¢/¥| = 1, and so

c' <Re{Zq(x)},

(12)
c'|A] < — Re{ZA},

' >0(Vx e Q1 ed).

In view of the uniformly elliptic condition, we have

cls|? _CZ|S < Z oc-j(x)sisj,

i,j=1 (13)
(c>0,s=(sp,...,8,) €C",x € Q),
and take s;= (0y/dx;)  which  implies  that

cz _, |(@ylox; )(x)l2 ZU L (x) (aylox;) (x) (0ylox;)
(x). From this, and accordmg to ¢’ <Re{Zq(x)} in (10), we
then multiply these two positive relations with each other,
implying that

y (x) <ReZq(x) ¥ (5> y <x)— (x)

i,j=1

for y € D(A).
(14)
Multiplying both sides of the latter relation by the

positive term p?® (x) and then integrating both sides, we will
have

€ Z jQPzﬁ

i=1

2
aa—i: (x)| dx

dy . 0
<ReZq(x) Z J () (x)q(x)a—i (x)ﬁyj (x).

i,j=1
(15)
Now by applying the integration by parts and using

Dirichlet-type condition, then the right sides of the latter
relation without multiple ReZ become

" oy 0
3 J e (x)q(x)a—i/i (x)gyj (x)dx

ij=1

Y d
=— Z JQPZﬁ (x)aij (x)q(x)a—i}l (x)y(x)dx

ij=1

= ox ( Y P (x)a (x)q(X)— (x)y(x)> =(Ay, ).

i,j=1
(16)

Hence,
(Ay) (x) = =(0y/0x;) X7, p*F (x)ey; (x)q (x) (9y/0x;) (x)
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Here, the symbol (,) denotes the inner product in H.

Notice that the above equality in (16) is obtained by the
well-known theorem of the m-sectorial operators which are
closed by extending its domain to the closed domain in H.
These operators are associated with the closed sectorial
bilinear forms that are densely defined in H (for more ex-
planation of the well-known Theorem 1, see chapter 6 in [2]).
This is why we extend the domain of operator A to the closed
domain in space H above. Therefore,

CIZJ p* (x)

From (10), we have c'|A|< —Re{ZA},c’ >0,V\ € @.
Multiply this inequality by j0|y (x)dx = (y,y) = ||y||2 > 0.
It follows that

y(x) dx<ReZ(Ay, y). (17)

W[ IyGordts - RelZA) (5. ) (18)

From this and the above inequality, we will have
a) [ Pl
i=1

<ReZ(Ay,y) - ZA(y,y)

(x)

e |)L|J ly (x)Pdx

(19)
= Re{Z((A-AD)y, y)}

<1ZIlyICA = ADy

=[lyllicA-ADyl',
ie.,
n a 2 ,
o Zl jﬂpzﬁ (x) % (x)| dx +c Illjﬂly(x)lzdx <llyllcA - AD)yl.

(20)

Since ¢; Y1, jszﬁ (x)I(ay/axi)(x)Izdx is positive, we
will have either

a 2
C’I)tllly(x)II2=I/1IJ ‘a)/ (x)| dx<lylll(A-ADyl, (21)
QloX;

or
Ay Goll < Mg (A = AD yll. (22)

This inequality ensures that the operator (A — AI) is one

to one, which implies that ker (A — AI) = 0. Therefore, the
inverse operator (A —AI)™! exists, and its continuity follows

from the proof of estimate (9) of Theorem 1. To prove (9), we
set v=(A-A)"'f, f € H in (19), implying that

[ - pax
< Mo (A-AD)7 f]||(A-AD) (A =AD" £].

(23)

Since (A—-AD)(A-AI)™! f=1(f)=f, then

M'Jo' (A-AD" flldxs Mo (A-AD fIfL (24)

SO

[ (A =AD" f| < M| (A =AD" £]I£1, (25)

which implies that |A]|| (A - D! (NI <Mglfl. Since A #0,
then [(A=AD"" fll < MglAl™ M fliie, [ (A=AD ™M <
Mg|A|™". This estimate completes the proof of the assertion
of Theorem 1 together with estimate (9). Now, we start to
prove estimate (10) of Theorem 1. As in the above argument,
we drop the positive term c'IAIjQIy(x)I2 dx from

n a 2 ,
“) jszﬁ (x) % ()| dx+c |A|jn|y(x>|2dx <IyllICA - ADy .
(26)
It follows that
n 2 ay 2
oY [ H@EE @] drslica-ang @)
in1YQ X
Equivalently
a - 2
alle’s - (A=ADT'F | IyICA - ADyl. (28)

Set (A-AI)"'f, f € Hin the latter relation, and pro-
ceeding by similar calculation as in the proof of estimate (9),
we then obtain

o fp —(A A <|| (A=A f](A-AD (A =AD" £].
(29)
Since (A—-AI)(A-AD)"'f =1(f) = f, then
9 L -
alfs (A=Al <[A-aDT s GO

Consequently, by (9), this implies that

2
< Mgl I AP (3L

€1

0
g0 a1
p ox, (A-AI)  f

To this end, we will have

0 _ -
P (A=) s Mg~ (32)

0x;

Thus, here, the proof of estimate (10) is finished; i.e., this
completes the proof of Theorem 1.

Now let condition (8) not hold. Then we will have the
following statement. O

3. The Resolvent Estimate of Some Classes of
Degenerate Elliptic Differential
Operators on H

In this section, we will derive a new general theorem by
dropping the assumption (8) from Theorem 1 in Section 2.

Theorem 2. As in Section 1, let @ be some closed sector with
vertex at 0 in the complex plane (for more explanation, see
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[3]), and let the complex function q (x) satisfy the following
equations:

q(x) € C'(Q),
q(x) € C;

_ (33)
(Vx e Q).

Then, for sufficiently large modulus A € @, the inverse
operator (A —AI )~! exists and is continuous in H, and the
following estimates hold:

[(A-AD"' < MgIAI™, (A e ®,IM>Cy),  (34)
where Mg, Cg, > 0 are sufficiently large numbers depending
on O

Proof. Let us (9) not satisfy. To prove the assertion of
Theorem 2 together with (34), we construct the functions
01 (x),...,9,,(x),q,(x),...,q,,(x) so that each one of the
functionsq, (x), . . .,q,, (x) (x € Q) as the function q (x) in
Theorem 1 satisfies (8).

Therefore, let

@1 (%), 0 (%), 1 (), ..., g, (%) € C (Q) (35)
satisty
0<¢,(x), r=1,...,m,
P+ gL ()21, (xeQ)

d 0
a(pr (x) € C;7 (D), g, (x) =q(x), VYx €suppo,,

q, (x) € C\O, (VxeQ)r=1,...,m

T
jargfa, (v)a (l| <5 (Vi € suppg, r =1,
(36)

In view of Theorem 1 and by (9) and (10), set A,=A in
the definition of the differential operator, which implies that

= Y P () (0)q () (), (37)
ij=1

Au(x) =

is acting on H where

0 ou & ou
D(Ar):{uEHﬂW;IOC(Q);ax Z(PZB qura )EH}

Jjij=1
(38)

Due to the assertion of Theorem 1, for 0 # A € @, the
inverse operator (A — Al )" ! exists and is continuous in space
H = L?(Q) and satisfies

J(A-AD" | < Mgl

”pﬁ;m D <MY, (e @,]A>Cy), (0£1 € D).

(39)

Let us introduce

G =) ¢, (4, -A1) "9, (40)
r=1

Here ¢, is the multiplication operator in H by the
function ¢, (x). Consequently, it is easily verified that

(A, -A)GQ) =T +p* ' (x) i 1, (%) (A, =)',

r=1

+pﬁ(x)ZZY1r(

i=1r=1 X

2 (4, -0,

(41)

where #,,Yi, € L, (Q); supp B, and supp Yi, are contained
in supp ¢,. Let us take the right side of (41) equal to I + T'(A).
Thus, we will have

(A-ADGA) =I+T(A). (42)
Now according to Section 2, if we put A=Ar for
r=1,...,m in (8), we will have
[ (A, =any < pvi,

(43)

” —(A M) < MgiAT 2.

Owing to the definition of T (1) in (41) easily, it follows

that
ITAI<MGA M, (L e @, A>1). (44)

Since [A| is a sufficiently large number, it easily implies
that [T (A)|| < (1/2) < 1. From this and using the well-known
theorem in the operator theory, we conclude that I+ T (1)
and so (A — M) G () are invertible. Hence, ((A - AI) G (A))™!
exists and is equal to

(G N@A-AD ) =T+TO) (45)

By adding +I and -I to the right side of (44), it follows
that

(G ' A-AD) ) =T +TW) ' -I+1. (46)
We now set
FAM=I+TQA) ' -1 (47)
Then
(G "A-AD) =T+ F(). (48)

In view of kT (1) < 1 and (44), we now estimate F (1) by
the following geometric series:

IEDI< Y [T W] < IT WOIF(1+IT O +1T I +---)
i=2

< ||T(/\)||2M(D<1 + % ¥ ) < ZM(D(Mq)rI/\I—(l/z))Z’
(49)
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ie, [F)|<2M1gA| " Byll(A, =AD" <Mlg|A|™", for
we will have
IGMI =

(A, -AD) g | < My

(A, =AD"

SM(I;'MM,IAI_ ,
(50)
ie, G SMN,I/\I’I. Now from (45), we have
(A-A)'=GMHUT+TQA) ' =G T +F(). (51)
Therefore
[(A=AD"!| =IGWIIT + F L)

< Mo A1+ 20,6017 .

i.e., here the assertion of Theorem 2 is proved. Therefore, to
complete the proof Theorem 2, we must prove the estimate
(34). To the end, according to the latter inequality, we have

[(A =AD" < My A" + 2My M A HAITY, (53)
and since [A|"YATY = A2 <A it follows that
[(A-AD" < MoIAI™',  (IA2C, A € D). (54)
This completes the proof of Theorem 2. |
4. On the Resolvent Estimate of the Differential
Operator in H,

As in Section 1, let the differential operator

20
= ax]< ﬁ(x)au(x>q<x)———(x)) (55)

i,j=1

(Au) (x) =

act on Hilbert space H,=L;(Q) with Dirichlet-type
boundary conditions, and suppose that
q(x) € C?(Q, EndC?) such that for each x € Q, the matrix
function ¢q (x) has nonzero simple -eigenvalues
Hi (x) € C*(Q), (1< j<#) arranged in the complex plane in
the following way:

Uy (), .., (x) € C\O, (56)
where
O ={z € C: |argz|<¢}, ¢ € (0,7). (57)
Furthermore, suppose that for j =1,...,¢, we have
uj(x) € C'(Q),

(58)

‘u] (x) € C\CD3 (vx € 5))

- s _
'arg{/"j (xl)#jl (xz)H <9 (Vx1, %, € Q). (59)

Now, according to Theorem 1, but here instead of op-
erator A which acts on the space H=L" (Q), let operator A
act on the space H, = L?(Q)*. Now by the assumption of

Section 1, we will have the following theorem in the general
case.

Theorem 3. Let (58) and (59) and the assumptions of Section
I hold for operator A as in (2), then for sufficiently large
modulus A € ©, the inverse operator (A — AN~ exists and is
continuous in the space H, = L* (Q)‘and the following esti-
mate holds:
[(A=AD"Y| < MM,

(60)

< M\~

lo=ca-an (e N[>0,

where My, Cq, >0 are sufficiently large numbers depending
on ®© and [A| > Cy,.

Proof. Now by applying the eigenvalues y, (x), ..., y, (x) of

the matrix function ¢q (x), we define the operators A,, ..., A,

such that

ou
(Au)(x)=—— ) ”WMAme) )
ox j i
(j: 1)--~:£):

(61)

where its extension domains are

o L9y o o Oy
D(Aj)Z{yEHan,loc(Q)’ﬁj Z P “ijtuja_xi <Hp

ij=1
(62)

which, as operator A in Theorem 1, the operators A,
j=1,...,& acts on space H=L> (Q) (notice that here the
operators A; are the same operator A in Section 2, i.e., to define
the operators A;, we just change the function g (x) in operator
A by the eigenvalues functions y; (x), j = 1,..., €of matrix
q(x)). The conditions which we consider on the eigenvalues y;
(%) of the matrix function g (x) in Section 1 guarantee that one
can convert the matrix g(x) to the diagonal form
q(x) =U(x)A(x)U '(x), where U(x), U l(x)e
C?([0,1];EndC?) and A (x)=diag{y; (x),...,u, (x)}. Con-
sider space H,=H®---H® (£ times). Put T(\)=UBA)U"!
where the operator

B()) = diag{ (A, - AI)",..., (A4, —AI) "'} (63)

acts on the direct sum H, = H®--- H® (¢ times) in which
A e D\R,,[A|=C, and (Uu)(x)=U (x) u (x); (ue€ Hp).
Consequently, it follows that

(A=ADT (A)u = 4 <p2A (x) dy (x)BWU " (x)u (x)>
dx dx

=T, +T,+Ts,
(64)

where
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d d -

d d -
- (sz (OA(x) - BU ' (xu (x)>

dx

=-U i <p2A (x) % BMU ' (x)u (x)) -U (x)pzA% BWU 'u

(65)

=AMUBM)U 'u-U' (x)pZA%B(A)U_ 'u+uU 'y,

T, dd (pqu'B MU lu),

X

T, = AU (x)B(WU 'w.

Using (9) and (10), we have (A - ADT(A) =1+ T% +T9
where T = (p?)'qU'B()U~" and |T9)] < MIA|” 2. Now
by the Hardy-type inequality, we estimate the operator T? as
follows:

1 , B
J’O t_ 1+g; (1 _ t) 1+82/|y(t)|2dt
1
<M (g1, 8,) J ly (t)*dt + M (&}, ¢3)
0

1 € £ 0
. J -t Yy (t)|2dt, Vy € H,e,€,#0.
0
(66)

Since |q(t)U' (t)|<M by (3), we have the following
inequality:

J; 1(2* ®) [ 1B Mm@t

<M, j; E 1= P (B (N (1) Redt o)
<ay [ -0 @l (O @y
+MIB)uly;,.
Now by (3) and estimate (9), it follows
jﬂ@%nﬂWBumum@w
(68)

1
<M [ pUBOUE)Edr + MIBOE,

<M'WMulp,, (A e ®,[A|>C).

Then, ||Tg|| <M'|AI” (172) for sufficiently large in modulus
of A € @; consequently,
(A-ADT(A) =1+F(A),

(69)
IF VI <MA|"",

(A€ D,|A[>C).

Proceeding as at the end of Section 2 (e.g., see (43)) from
IF (M) < MIAI= 9, it easily follows that I + F (1) is inver-
sible and then that (A — AI)T (L) is inversible, that is,

(A=ADT )" =T +FW) . (70)
Then by adding +I, the last relation we have is
(I+FA) '=(I+FQ) '+I-1 (71)

Since |[F(A)]| < M|A|” 2, in a calculation as in Section 2,
take y(1) = (I + F(A) ! = 1. Then, y (A)satisfies

lyMI<MAI™!, (e d,]A>C). (72)
Consequently, (A - AP =TI+ y(A)) since
r(\) =UBWU ',

73
B(A)=diag{(A1—M)7l,..., (73)

(A - D)L

PutP;=A;j=1,...,¢asin (39). By (72) and (73), we
have ||(A]- - ADY| SMIAI_I,j =1,...,¢ and it follows that
ITMI <A™, so

[CA-AD~ | <IT DT+ y )l

(74)

<M (1+ M) <M
Now we prove estimate (39). Since
lp(d/dt)(A; =AD" HI<MIA ™, j = 1,...,for T (L), we
can get the corresponding estimate [T, (/\)IISMIIAI’(”Z),

and this implies

d -1
— (A=
dex( )

<[ty W+ 3, )] (75)
Since [ly; (M SM“M_I, we have

d -
p(Pi-1)"

atia, -y S (1),

(76)
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which implies  [lp(d/dx)(A; - AD ' < MIA|"
(A € @,|A| =C) so that the proof of the fundamental The-
orem 3 in the general case H, = L* (Q) is completed. [
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