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Any continuous function with values in a Hausdorft topological space has a closed graph and satisfies the property of intermediate
value. However, the reverse implications are false, in general. In this article, we treat additional conditions on the function, and its

graph for the reverse to be true.

1. Introduction

The motivation of this work derives from the intermediate
value theorem (IVT) and the closed graph theorem [1]. We
discuss the results presented in [2], showing that the reverse of
the IVT may be true under certain additional assumptions.

A continuous function in a Hausdorff space is known to
satisfy the following facts:

(1) The intermediate value property (IVP).
(2) Its graph is closed.
(3) The inverse image of each closed set is closed.

The reverse of the two first results is false in general. That
means if a function satisfies the IVP or its graph is closed, it is
not necessarily continuous. The objective of this work is to
provide some conditions in which this reverse is true. In this
sense, we prove in Theorem 2 that every function from a
locally connected metric space into a locally sequentially
compact space, which has a sequentially closed graph and
satisfies the IVP, is continuous. Theorem 1 is a generalization
of Theorem 2 for functions having a closed graph from
locally connected space into locally compact spaces. In
Theorem 1, we have a generalization in normed spaces of the
result given in [2]. In Theorem 6, we show that the sequential
closeness of the graph implies that the inverse image of a
sphere is sequentially closed.

We know that the closeness of the graph implies the
continuity of linear maps between Banach spaces [3]. The
same result is given in Corollary 2 for functions, not nec-
essarily linear, between normed spaces satisfying the IVP in
the case if the codomain is a finite dimensional normed space.

From now, Let E and F be Hausdorff topological spaces
and f be a map from E into F. The graph of f is defined by

Iy ={(x, f (x)): x € E}. (1)

Definition 1. Let X be a Hausdorff topological space.

(1) The function f is said to be satisfying the inter-
mediate value property (IVP) if the image of every
connected subset of E is connected in F.

(2) A subset A of X is said to be sequentially closed if it
contains the limit of every convergent sequence
(a,) ey in Al

(3) A subset A of X is said to be sequentially compact if
every sequence in A admits a limit point in A.

(4) The space X is said to be locally sequentially compact
if every x € X admits a basis of sequentially compact
neighbourhoods.

(5) The space X is said to be locally connected if every
x € X admits a basis of connected neighbourhoods.
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Remark 1. Every sequentially closed subspace of a locally
sequentially compact space is locally sequentially compact.

In [1], we have the following classical results.

Proposition 1. If f is continuous, then its graph is closed and
it satisfies the IVP.

Theorem 1. Let C be a connected subset in a topological
space X. For every subset A of X such that CNA+J and

Cn(X\A)+g, we  have CNFr(A)+d, where
Fr(A) = A\A.
Now, consider the following examples.
Example 1. (1) The function
1
sin(;), ifx+0,
fx)= (2)

0, ifx=0

satisfies the IVP, but it is not continuous at 0.
(2) The function

1
— ifx#0,
X
g(x) = (3)
0, ifx=0

has a closed graph, but it is not continuous at 0.

(3) By the Darboux theorem [4] (asserting that the
derivative of a differentiable function on the real line
satisfies the IVP), the derivative of any real function
which is not in ! on the real line satisfies the IVP
but it is not continuous.

(4) Using the expansion of reals in basis 13, the work
given in [5] gives a construction of functions satis-
fying the IVP which are nowhere continuous.

(5) Let I be an uncountable set and K be the real or the
complex field. Set E=KY=@,,K, with
K, =K,ieland

F= { (x,);e; € K': {i € It x;#0} is atmostcountable}.
(4)
Then, E is a linear subspace of the space £°(I) of

bounded sequences in K. Define a duality between E end F
for all x = (x;);; € E and y = (¥;);; € F by

&y = in}’i~ (5)

i€l
The sets
W (A, e) ={y € F: [{x, y)|<eforallx € A}, (6)

where A is a finite subset of E and & > 0, form a basis of a zero
neighbourhood of a linear topology on F called the weak
topology on F with respect to the duality between E and F
denoted by o (F, E).

The sets W (K, €) where K is a convex balanced compact
subset in the weak topology of F and ¢ >0 form a basis of a
zero neighbourhood of a linear topology on E called the
Mackey topology on E with respect to the duality between E
and F denoted by 7(E, F).

The Mackey topology on E is the strongest topology for
which the topological dual is the space of the linear maps

¢, E— R, x—<{x,y), y¢€F. (7)
Let E be provided with the Mackey topology 7 (E, F) and
¢' (I) be the Banach space of summable families (x;);.;. The
canonical injection from E into ' (I) is a map with a closed
graph that is not continuous. For more details, see [6].

In the following, we study conditions making the reverse
of IVT true.

Theorem 2. Suppose that (E,d) is a locally connected metric
space and F is locally sequentially compact. If f satisfies the
IVP and its graph is sequentially closed, then f is continuous.

Proof. Suppose that f is not continuous at a € E. Since E is
locally connected, there exists a connected neighbourhood
C, of a such that

CyC B(a,1)={x € E,d(a,x)<1}. (8)

Set U = C,N B(a, (1/2)); then, U is neighbourhood of a.
Therefore, there exists a connected neighbourhood C, of a
such that C; c U, and so we construct a decreasing sequence
(C,)nen of connected neighbourhoods of a such that

C,c B<a,%>, foralln € N. (9)

On the other hand, since f is not continuous at a and F is
locally sequentially compact, there exists a sequentially
compact neighbourhood V' of f (a) such that

f(C,)¢V, forallneN. (10)
Then,
fla)e f(C,)NV, f(C,)N(F\V)+@, forallneN.
(11)

Since f (C,,) is connected for all n € N, by Theorem 1, we
have

f(C,)NFr(V)+@, forallneN. (12)

Hence, for all n e N, there exists a, € C, such that
f(a,) € Fr(V). With the sequential compactness of Fr(V),

there is a subsequence (f(apu))nen Of (f(@,))nen
which converges to b e Fr(V). Since the sequence
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(@ (ny> f (@p(n))nen 18 In T ¢ and converges to (a,b), then b =
f(a) and f (a) € Fr(V), which is a contradiction because V
is a neighbourhood of f (a). Then, f is continuous ata. O

Remark 2. By the previous theorem,

(1) The graph of the function f given in Example 1 is not
a closed set.

(2) The function g, given in Example 2, does not satisfy
the IVP.

Theorem 3. Let E be a locally connected topological space
and F be locally compact. If f satisfies the IVP and its graph is
closed, then f is continuous.

Proof. Suppose that f is not continuous at a € E. Since F is
locally compact, there is a compact neighbourhood V' of
f (a) such that f (U) ¢V for all neighbourhood U of a. By the
local connectedness of E, there is a generalized sequence
(U ) e of connected neighbourhoods of a, which is a basis
of neighbourhoods of a in E. Then,

f@efU)NV,f(U)N(F\V)#d, foralae A

(13)

Since f satisfies the IVP, f(U,) is connected for all
a € A. By Theorem 1, there exists a generalized sequence
(%) gen such that

X, €U, f(x,) € Fr(V), foralla e A. (14)

By the compactness of V, Fr(V) is compact. Then, there
exists a subsequence (x,)yepca such that (f(x,)).ea
converges to b € Fr(V). Then, the generalized sequence
(%4> f (X4))qen converges to (a,b). Since Iyis closed, then
(a,b) € Iy Therefore, b = f (a) and f (a) € Fr(V), which
contradicts that V' is a neighbourhood of f (a). Thus, f is
continuous. O

Since the normed spaces are locally connected and the
finitely dimensional normed spaces are locally compact, we
have the following corollary.

Corollary 1. Each function from a normed vector space into
a finitely dimensional normed vector space which satisfies the
IVP and with closed graph is continuous.

In [2], the following theorem gives the reverse of the IVT
under weak assumptions.

Theorem 4. Let f be a real valued function on an interval I
of R satisfying the IVP. If forall y € R, f~* ({y}) is closed in I,
then f is continuous.

Proposition 2. Let f: E — F be a function; then:
(1) If the graph of f is closed,
y €F, f~*({y}) is closed in E.

(2) If the graph of f is sequentially closed, then for every
y € F, f~({y}) is sequentially closed in E.

then for every

(3) If f is continuous, then for every y € F, f~1({y}) is
closed in E.

Proof

(1) Let (x,).en be a generalized sequence in f~!({y})
that converges to x. (x, ¥)4en is a sequence in I’y
that converges to (x, y). Since I', is closed, then
f(x)=y. Hence, xe€f '({y}). Therefore,
F1({y}) is closed in E.

(2) In the same way, we show (2).

(3) The continuity of f implies that the graph of f is
closed, and then we have (3). O

Remark 3

(1) The reverse of 1 and 2 is false, in general. As in
Example 2, since f is injective, f~' ({y}) is closed in
R, but f has no closed graph.

(2) Theorem 2 is a corollary of Theorem 4 and Propo-
sition 2.

The following theorem is a generalization of the real case
in Theorem 4.

Theorem 5. Suppose that F is a normed vector space over R
or C and E is locally connected metric space. If f satisfies the
IVP and the inverse image of every sphere in F is sequentially
closed in E, then f is continuous.

Proof. Suppose that f is not continuous at a € E. As in the
proof of Theorem 2, there is ¥ > 0 and a sequence (a,,),,cn in E
that converges to a, and for all n e N, f(a,) € Fr(V) =,
where V = B(f (a),r)andS(f (a),r)are the ball and the
sphere of radius f(a), respectively. Hence, (a,),qy is in
f71(S) which is closed. Then, a € f~'(S) and f(a) € S: a
contradiction. Thus, f is continuous. |

Theorem 6. Suppose that F is a finite dimensional normed
vector space. If the graph of f is sequentially closed, then the
inverse image of every sphere in F is sequentially closed in E.

Proof. LetS =S(a,r) = {x € F: |x — al| = r} be the sphere of
center a and of radius r>0. Let (x,,), be a sequence in
£71(S) that converges to x. Let us show that x € f~'(S). We
know that the sequence ( f (x,,)),ey is in S. Since F is a finite
dimensional normed space, then S is compact. Hence, there is a
subsequence (f (x,)))nen Of (f (X)) en that converges to
y €8. Since the graph Ty of f is sequentially closed and
(%n(my> f (Xn()nen is @ sequence in I'p that converges to
(x, y), then (x, y) in Iy and y = f(x). Hence, f (x) € S and
x € f~1(S). Therefore, f~1(S) is sequentially closed in E. [J

Theorem 7. Suppose that F is a finite dimensional normed
space. If the graph of f is closed, then the inverse image of
every sphere in F is closed in E.
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Proof. LetS =S(a,r) = {x € F: |x — al = r} be the sphere of
center a and of radius 7 > 0. Let x be in the closure f~1!(S); then,
there exists a generalized sequence (x,),, in f '(S) that
converges to x. Then, the sequence (f (x,))yes is in S which is
compact. Hence, there is a subsequence (f (x,))yea c o that
converges to y €S. The graph T, of f is closed and

(%> f (%6))aea i in I'g; then, y = f (x). Hence, f (x) € S and
x € f~1(S). Therefore, f~1(S) is closed in E. O

Corollary 2. Suppose that F is a finite dimensional normed
space over R or C and E is locally connected metric space. If f
satisfies the IVP and its graph is sequentially closed, then f is
continuous.
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